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Chapter 1
INTRODUCTION

This design guide is an update to the AISC publication Tor-
sional Analysis of Steel Members and advances further the
work upon which that publication was based: Bethlehem
Steel Company's Torsion Analysis of Rolled Steel Sections
(Heins and Seaburg, 1963). Coverage of shapes has been
expanded and includes W-, M-, S-, and HP-Shapes, channels
(C and MC), structural tees (WT, MT, and ST), angles (L),
Z-shapes, square, rectangular and round hollow structural
sections (HSS), and steel pipe (P). Torsional formulas for
these and other non-standard cross sections can also be found
in Chapter 9 of Young (1989).

Chapters 2 and 3 provide an overview of the fundamentals
and basic theory of torsional loading for structural steel
members. Chapter 4 covers the determination of torsional
stresses, their combination with other stresses, Specification
provisions relating to torsion, and serviceability issues. The
design examples in Chapter 5 illustrate the design process as
well as the use of the design aids for torsional properties and
functions found in Appendices A and B, respectively. Finally,
Appendix C provides supporting information that illustrates
the background of much of the information in this design
guide.

The design examples are generally based upon the provi-
sions of the 1993 AISC LRFD Specification for Structural
Steel Buildings (referred to herein as the LRFD Specifica-
tion). Accordingly, forces and moments are indicated with the
subscript u to denote factored loads. Nonetheless, the infor-
mation contained in this guide can be used for design accord-
ing to the 1989 AISC ASD Specification for Structural Steel
Buildings (referred to herein as the ASD Specification) if
service loads are used in place of factored loads. Where this
is not the case, ithas been so noted in the text. For single-angle
members, the provisions of the AISC Specificationfor LRFD
of Single-Angle Members and Specification for ASD of Sin-
gle-Angle Members are appropriate. The design of curved
members is beyond the scope of this publication; refer to
AISC (1986), Liew et al. (1995), Nakai and Heins (1977),
Tung and Fountain (1970), Chapter 8 of Young (1989),
Galambos (1988), AASHTO (1993), and Nakai and Yoo
(1988).

The authors thank Theodore V. Galambos, Louis F. Gesch-
windner, Nestor R. Iwankiw, LeRoy A. Lutz, and Donald R.
Sherman for their helpful review comments and suggestions.
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Chapter 2
TORSION FUNDAMENTALS

2.1 Shear Center

The shear center is the point through which the applied loads
must pass to produce bending without twisting. If a shape has
a line of symmetry, the shear center will always lie on that
line; for cross-sections with two lines of symmetry, the shear
center is at the intersection of those lines (as is the centroid).
Thus, as shown in Figure 2.1a, the centroid and shear center
coincide for doubly symmetric cross-sections such as W-, M-,
S-, and HP-shapes, square, rectangular and round hollow
structural sections (HSS), and steel pipe (P).

Singly symmetric cross-sections such as channels (C and
MC) and tees (WT, MT, and ST) have their shear centers on
the axis of symmetry, but not necessarily at the centroid. As
illustrated in Figure 2. Ib, the shear center for channels is at a
distance e, from the face of the channel; the location of the
shear center for channels is tabulated in Appendix A as well
as Part 1 of AISC (1994) and may be calculated as shown in
Appendix C. The shear center for a tee is at the intersection
of the centerlines of the flange and stem. The shear center
location for unsymmetric cross-sections such as angles (L)
and Z-shapes is illustrated in Figure 2.1c.

2.2 Resistance of a Cross-section to a Torsional
Moment

At any point along the length of a member subjected to a
torsional moment, the cross-section will rotate through an
angle 6 as shown in Figure 2.2. For non-circular cross-sec-
tions this rotation is accompanied by warping; that is, trans-
verse sections do not remain plane. If this warping is com-
pletely unrestrained, the torsional moment resisted by the
cross-section is:

T,=GJ& (2.1)
where

T, = resisting moment of unrestrained cross-section, Kip-
in.

G = shear modulus of elasticity of steel, 11,200 ksi

J = torsional constant for the cross-section, in.!

0’ = angle of rotation per unit length, first derivative of 0
with respect to z measured along the length of the
member from the left support

When the tendency for a cross-section to warp freely is
prevented or restrained, longitudinal bending results. This

bending is accompanied by shear stresses in the plane of the
cross-section that resist the externally applied torsional mo-
ment according to the following relationship:

T,=—EC0" 2.2)
where

T,, = resisting moment due to restrained warping of the
cross-section, Kip-in,

E = modulus of elasticity of steel, 29,000 ksi

C,, = warping constant for the cross-section, in.*

6" = third derivative of 6 with respect to z

The total torsional moment resisted by the cross-section is the
sum of T, and T,. The first of these is always present; the
second depends upon the resistance to warping. Denoting the
total torsional resisting moment by T, the following expres-
sion is obtained:

T=GJo — EC,8" (2.3)

Rearranging, this may also be written as:

T 9’ 4
EC," 7 ° (24)
€o
z —7 — 71

O@Tﬂ;

(a) doubly symmetric (b) singly symmetric (] unsymmemc
shapes, shear center shapes
and centroid coincide

+ centroid « shear center

Figure 2.1.

I An exception to this occurs in cross-sections composed of plate elements having centerlines that intersect at a common point such as a structural tee. For such cross-sections,

Whs = Sws=Cw=a=0.
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where

EC, -
= (2.5)

a2

2.3 Avoiding and Minimizing Torsion

The commonly used structural shapes offer relatively poor
resistance to torsion. Hence, it is best to avoid torsion by
detailing the loads and reactions to act through the shear
center of the member. However, in some instances, this may
not always be possible. AISC (1994) offers several sugges-
tions for eliminating torsion; see pages 2-40 through 2-42. For
example, rigid facade elements spanning between floors (the
weight of which would otherwise induce torsional loading of
the spandrel girder) may be designed to transfer lateral forces
into the floor diaphragms and resist the eccentric effect as
illustrated in Figure 2.3. Note that many systems may be too
flexible for this assumption. Partial facade panels that do not
extend from floor diaphragm to floor diaphragm may be
designed with diagonal steel "kickers," as shown in Figure
2.4, to provide the lateral forces. In either case, this eliminates
torsional loading of the spandrel beam or girder. Also, tor-
sional bracing may be provided at eccentric load points to
reduce or eliminate the torsional effect; refer to Salmon and
Johnson (1990).

When torsion must be resisted by the member directly, its
effect may be reduced through consideration of intermediate
torsional support provided by secondary framing. For exam-
ple, the rotation of the spandrel girder cannot exceed the total
end rotation of the beam and connection being supported.
Therefore, a reduced torque may be calculated by evaluating
the torsional stiffness of the member subjected to torsion
relative to the rotational stiffness of the loading system. The
bending stiffness of the restraining member depends upon its
end conditions; the torsional stiffness k of the member under
consideration (illustrated in Figure 2.5) is:

Rotated Cross Section

Warped Section

Figure 2.2.

@ I~

(2.6)

where

T = torque
0 = the angle of rotation, measured in radians.

A fully restrained (FR) moment connection between the
framing beam and spandrel girder maximizes the torsional
restraint. Alternatively, additional intermediate torsional sup-
ports may be provided to reduce the span over which the
torsion acts and thereby reduce the torsional effect.

As another example, consider the beam supporting a wall
and slab illustrated in Figure 2.6; calculations for a similar
case may be found in Johnston (1982). Assume that the beam

+ . FLOOR DIAPHRAGM Wyp

l | we
P+

H Wl
|
BUILDING | V
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gl [FLOOR DIAPHRAGM woe
; | . | u >
L 4

Figure 2.3.
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— & ‘
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alone resists the torsional moment and the maximum rotation
of the beam due to the weight of the wall is 0.01 radians.
Without temporary shoring, the top of the wall would deflect
laterally by nearly °/-in. (72 in. x 0.01 rad.). The additional
load due to the slab would significantly increase this lateral
deflection. One solution to this problem is to make the beam
and wall integral with reinforcing steel welded to the top
flange of the beam. In addition to appreciably increasing the
torsional rigidity of the system, the wall, because of its
bending stiffness, would absorb nearly all of the torsional
load. To prevent twist during construction, the steel beam
would have to be shored until the floor slab is in place.

0
Y/N
\

\
\/

\
T&
I

Figure 25.

2.4 Selection of Shapes for Torsional Loading

In general, the torsional performance of closed cross-sections
is superior to that for open cross-sections. Circular closed
shapes, such as round HSS and steel pipe, are most efficient
for resisting torsional loading. Other closed shapes, such as
square and rectangular HSS, also provide considerably better
resistance to torsion than open shapes, such as W-shapes and
channels. When open shapes must be used, their torsional
resistance may be increased by creating a box shape, e.g., by
welding one or two side plates between the flanges of a
W-shape for a portion of its length.

2 AN )
POREO T SO ARE
- O-O OO.‘;Q'O'pQ. O o
,o;?fié,é;a;fi_o@ve,@.;.:;_),@é;g:g,ogﬁ
o

myie 8" Wall
0P
o
e - Reinforcing bars
= welded to top flange

e

"™~ Web stiffeners

— sl —
I g wal
|
¢ Beam

Figure 2.6.
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Chapter 3

GENERAL TORSIONAL THEORY

A complete discussion of torsional theory is beyond the scope
of this publication. The brief discussion that follows is in-
tended primarily to define the method of analysis used in this
book. More detailed coverage of torsional theory and other
topics is available in the references given.

3.1 Torsional Response

From Section 2.2, the total torsional resistance provided by a
structural shape is the sum of that due to pure torsion and that
due to restrained warping. Thus, for a constant torque T along
the length of the member:

T=GJY - EC,0” (3.1)
where

G = shear modulus of elasticity of steel, 11,200 ksi
J = torsional constant of cross-section, in.!

E =modulus of elasticity of steel, 29,000 ksi

C, =warping constant of cross-section, in.’

For a uniformly distributed torque t:
t=EC9"" - GJo” (3.2)
For a linearly varying torque ¢ x (z/1):

74

[ =EC8" - GO (3.3)

where

t = maximum applied torque at right support, kip-in./ft
z = distance from left support, in.
I = span length, in.

In the above equations, ©’, 8”7, 8, and 6" are the first,
second, third, and fourth derivatives of 9 with respect to z and
0 is the total angle of rotation about the Z-axis (longitudinal
axis of member). For the derivation of these equations, see
Appendix C.1.

3.2 Torsional Properties

Torsional properties J, a, C,,, W,,,and S, are necessary for the
solution of the above equations and the equations for torsional
stress presented in Chapter 4. Since these values are depend-
ent only upon the geometry of the cross-section, they have
been tabulated for common structural shapes in Appendix A
as well as Part 1 of AISC (1994). For the derivation of
torsional properties for various cross-sections, see Appendix

C and Heins (1975). Values for Q; and Q,,, which are used to
compute plane bending shear stresses in the flange and edge
of the web, are also included in the tables for all relevant
shapes except Z-shapes.

The terms J, a, and C,, are properties of the entire cross-
section. The terms W, and S,, vary at different points on the
cross-section as illustrated in Appendix A. The tables give all
values of these terms necessary to determine the maximum
values of the combined stress.

3.2.1 Torsional ConstantJ

The torsional constant J for solid round and flat bars, square,
rectangular and round HSS, and steel pipe is summarized in
Table 3.1. For open cross-sections, the following equation
may be used (more accurate equations are given for selected
shapes in Appendix C.3):

Jzz(”_,)—’s] (3.4)

where

b = length of each cross-sectional element, in.
t = thickness of each cross-sectional element, in.

3.2.2  Other Torsional Propertiesfor Open Cross-Sections?

For rolled and built-up I-shapes, the following equations may
be used (fillets are generally neglected):

I 2
Co=" (3.5)
_ha[EL _ 4 [EC.
““2Ne/ " NaJ (36)
hb
“/m) = _[ (37)
4
W, b:t, hbit
—moTff S
Sw" 4 - 16 (38)
hi(b,~t,
Qf= 4 ) (3.9)
h - 2
0,= —UM; Ll e St) fu (3.10)

where

2 For shapes with sloping-sided flanges, sloping flange elements are simplified into rectangular elements of thickness equal to the average thickness of the flange.
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Table 3.1
Torsional Constants J

Solid Cross-Sections

T
il
|

effect of corner radii has been considered.

A bt® b
= — m— =2
J==3 J=7 17210
J=(%-02hp% 2 <10
b t
Closed Cross-Sections
/" Ro
Ri n(R3- R
J=—"""1
2
b ! b
J=tb3;—tz10
b
t
h |2 tz _20eb%h% b 4
bb+hty 't
-
b

Note: tabulated values for HSS in Appendix A differ slightly because the

h=d—-t (3.11)
For channels, the following equations may be used:
EC,
a=\"G7 (3.12)
w, =4 (313)

hb't(b’ - 2E
§,p= P =25,

Eh*t,

Sw3 = Sw2 - 8

Wb’ - 3E,)
o Py -3E,)

‘ where, as illustrated in Figure 3.1

th” t

Y
2b tf+T
h=d—1

4
b’=bf—5w

For Z-shapes:

_ hbt(ht, + bty
" Ak, + 20t

2772
S, = t, tehb
4(ht, +2b't)

Eo

2
w ——'—6—+Ealx

L]
center

€0 —+ by

Figure 3.1.

(3.14)

(3.15)

(3.16)

3.17)

(3.18)

(3.19)

(3.20)
(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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LB b+ 2k
c, =1 ! * 3.28
T2 [htw + 2b'tw] (328)

where, as illustrated in Figure 3.2:

h=d-1, (3.29)
t
b=k~ (3.30)
u=b'—-u (3.31)
bt
= 3.32
“ ht, +2b't, (332)

For single-angles and structural tees, J may be calculated
using Equation 3.4, excluding fillets. For more accurate equa-
tions including fillets, see EI Darwish and Johnston (1965).
Since pure torsional shear stresses will generally dominate
over warping stresses, stresses due to warping are usually
neglected in single angles (see Section 4.2) and structural tees
(see Section 4.3); equations for other torsional properties
have not been included. Since the centerlines of each element
of the cross-section intersect at the shear center, the general
solution of Appendix C3.1 would yield W,,=S,,=C,=a=
0. A value of a (and therefore C,) is required, however, to
determine the angle of rotation using the charts of Appen-
dix B.

EC,
GJ

a=

(3.33)

For single angles, the following formulas (Bleich, 1952) may
be used to determine C,:

C,= 3’3—6(h§ +1) (3.34)

where A, and A, are the centerline leg dimensions (overall leg
dimension minus half the angle thickness t for each leg). For

structural tees:
eb £n’
C,= —l‘%ﬁ + —5—6— (335)

where

tw
t;

3

T

‘_bf“'l

Figure 3.2,

(3.36)

-
I
Q
|

r b

3.3 Torsional Functions

In addition to the torsional properties given in Section 3.2
above, the torsional rotation 0 and its derivatives are neces-
sary for the solution of equations 3.1, 3.2, and 3.3. In Appen-
dix B, these equations have been evaluated for twelve com-
mon combinations of end condition (fixed, pinned, and free)
and load type. Members are assumed to be prismatic. The
idealized fixed, pinned, and free torsional end conditions, for
which practical examples are illustrated in Figure 3.3, are
defined in Appendix C.2.

The solutions give the rotational response 6 and derivatives
along the span corresponding to different values of I/ a, the
ratio of the member span length | to the torsional property a
of its cross-section. The functions given are non-dimensional,
that is, each term is multiplied by a factor that is dependent
upon the torsional properties of the member and the magni-
tude of the applied torsional moment.

For each case, there are four graphs providing values of 0,
0", 8”, and 6””. Each graph shows the value of the torsional
functions (vertical scale) plotted against the fraction of the
span length (horizontal scale) from the left support. Some of
the curves have been plotted as a dotted line for ease of
reading. The resulting equations for each of these cases are
given in Appendix C.4.

Rigid Support

0=0,0=0
Idealized
Schematic Representation Schematic Representation
T
A
A ,
I { 3
| . :
élA
T~
Approximate Approximate
Structural Connection Section A-A Structural Connection
(a) Torsionally Fixed End {b) Torsionally Pinned End

Figure 3.3.
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Chapter 4
ANALYSIS FOR TORSION

In this chapter, the determination of torsional stresses and
their combination with stresses due to bending and axial load
is covered for both open and closed cross-sections. The AISC
Specification provisions for the design of members subjected
to torsion and serviceability considerations for torsional rota-
tion are discussed.

4.1 Torsional Stresses on I-, C-, and Z-shaped Open
Cross-Sections

Shapes of open cross-section tend to warp under torsional
loading. If this warping is unrestrained, only pure torsional
stresses are present. However, when warping is restrained,
additional direct shear stresses as well as longitudinal stresses
due to warping must also be considered. Pure torsional shear
stresses, shear stresses due to warping, and normal stresses
due to warping are each related to the derivatives of the
rotational function 6. Thus, when the derivatives of 8 are
determined along the girder length, the corresponding stress
conditions can be evaluated. The calculation of these stresses
is described in the following sections.

4.1.1 Pure Torsional Shear Stresses

These shear stresses are always present on the cross-section
of a member subjected to a torsional moment and provide the
resisting moment T, as described in Section 2.2. These are
in-plane shear stresses that vary linearly across the thickness
of an element of the cross-section and act in a direction
parallel to the edge of the element. They are maximum and
equal, but of opposite direction, at the two edges. The maxi-
mum stress is determined by the equation:

T,=Gto’ (4.2)
where

T, = pure torsional shear stress at element edge, ksi

G = shear modulus of elasticity of steel, 11,200 ksi

t = thickness of element, in.

0" =rate of change of angle of rotation 6, first derivative
of © with respect to z (measured along longitudinal
axis of member)

The pure torsional shear stresses will be largest in the thickest
elements of the cross-section. These stress states are illus-
trated in Figures 4. 1b, 4.2b, and 4.3b for I-shapes, channels,
and Z-shapes.

4.1.2  Shear Stresses Due to Warping

When a member is allowed to warp freely, these shear stresses
will not develop. When warping is restrained, these are in-
plane shear stresses that are constant across the thickness of
an element of the cross-section, but vary in magnitude along
the length of the element. They act in a direction parallel to
the edge of the element. The magnitude of these stresses is
determined by the equation:

GENERAL ORIENTATION FIGURE

d/2

d/2

\ « Location of Shear Center
11=Gteo

(b) Shear Stress Due to Pure Torsion

(c) Shear Stress Due to Warping

(d) Normal Stress Due to Warping

Figure 4.1.
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T, = ; (4-2a)

where

1,, = Shear stress at point s due to warping, ksi

E = modulus of elasticity of steel, 29,000 ksi

S..s = warping statical moment at point s (see Appendix A),
in.’!

t = thickness of element, in.

6 = third derivative of © with respect to z

These stress states are illustrated in Figures 4.1c, 4.2c, and
4.3c for I-shapes, channels, and Z-shapes. Numerical sub-
scripts are added to represent points of the cross-section as
illustrated.

4.1.3 Normal Stresses Due to Warping

When a member is allowed to warp freely, these normal
stresses will not develop. When warping is restrained, these
are direct stresses (tensile and compressive) resulting from
bending of the element due to torsion. They act perpendicular
to the surface of the cross-section and are constant across the
thickness of an element of the cross-section but vary in
magnitude along the length of the element. The magnitude of
these stresses is determined by the equation:

o, =EW,0" (4.33)

where

o, =normal stress at point s due to warping, ksi

E = modulus of elasticity of steel, 29,000 ksi

W,., = normalized warping function at point s (see Appen-
dix A),in.?

6” = second derivative of © with respect to z

These stress states are illustrated in Figures 4.1d, 4.2d, and
4.3d for I-shapes, channels, and Z-shapes. Numerical sub-
scripts are added to represent points of the cross-section as
illustrated.

4.1.4 Approximate Shear and Normal Stresses Due to
Warping on I-Shapes

The shear and normal stresses due to warping may be approxi-
mated for short-span I-shapes by resolving the torsional mo-
ment T into an equivalent force couple acting at the flanges
as illustrated in Figure 4.4. Each flange is then analyzed as a
beam subjected to this force. The shear stress at the center of
the flange is approximated as:

1.5V

Tw =
b

where V; is the value of the shear in the flange at any point

along the length. The normal stress at the tips of the flange is
approximated as:

(4.2b)

12

= Mf
o, = 3 (4.3b)
where
t 2
M; = bending moment on the flange at any point along the
length.

4.2 Torsional Stress on Single-Angles

Single-angles tend to warp under torsional loading. If this
warping is unrestrained, only pure torsional shear stresses
develop. However, when warping is restrained, additional
direct shear stresses as well as longitudinal stress due to
warping are present.

Pure torsional shear stress may be calculated using Equa-
tion 4.1. Gjelsvik (1981) identified that the shear stresses due
to warping are of two kinds: in-plane shear stresses, which
vary from zero at the toe to a maximum at the heel of the
angle; and secondary shear stresses, which vary from zero at
the heel to a maximum at the toe of the angle. These stresses
are illustrated in Figure 4.5.

Warping strengths of single-angles are, in general, rela-
tively small. Using typical angle dimensions, it can be shown
that the two shear stresses due to warping are of approxi-
mately the same order of magnitude, but represent less than
20 percent of the pure torsional shear stress (AISC, 1993b).
When all the shear stresses are added, the resultis amaximum
surface shear stress near mid-length of the angle leg. Since
this is a local maximum that does not extend through the
thickness of the angle, it is sufficient to ignore the shear
stresses due to warping. Similarly, normal stresses due to
warping are considered to be negligible.

For the design of shelf angles, refer to Tide and Krogstad
(1993).

4.3 Torsional Stress on Structural Tees

Structural tees tend to warp under torsional loading. If this
warping is unrestrained, only pure torsional shear stresses
develop. However, when warping is restrained, additional
direct shear stresses as well as longitudinal or normal stress
due to warping are present. Pure torsional shear stress may be
calculated using Equation 4.1. Warping stresses of structural
tees are, in general, relatively small. Using typical tee dimen-
sions, it can be shown that the shear and normal stresses due
to warping are negligible.

4.4 Torsional Stress on Closed and Solid
Cross-Sections

Torsion on a circular shape (hollow or solid) is resisted by
shear stresses in the cross-section that vary directly with
distance from the centroid. The cross-section remains plane
as it twists (without warping) and torsional loading develops
pure torsional stresses only. While non-circular closed cross-
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Table 4.1
Shear Stress Due to St. Venant's Torsion

Solid Cross-Sections

R
@ t
b

- e Tt
=77 =
Use appropriate J from Table 3.1
Closed Cross-Sections
T.R
R LITA)
Tt J
b t T, b
u
= =210
YT
b
t
h |t t2 Tu

Tt= (t=tor &);‘?210

2bht

s

b

sections tend to warp under torsional loading, this warping is
minimized since longitudinal shear prevents relative dis-
placement of adjacent plate elements as illustrated in Fig-
ure 4.6.

The analysis and design of thin-walled (b/t > 10) closed
cross-sections for torsion is simplified with the assumption
that the torque is absorbed by shear forces that are uniformly
distributed over the thickness of the element (Siev, 1966). The
general torsional response can be determined from Equation
3.1 with the warping term neglected. For a constant torsional
moment T the shear stress 1, may be calculated as:
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T
A (4.4)
where
A, = area enclosed by shape, measured to centerline of

thickness of bounding elements as illustrated in Fig-
ure 4.7, in.*
¢t = thickness of bounding element, in.

For solid round and flat bars, square, rectangular and round
HSS and steel pipe, the torsional shear stress may be calcu-
lated using the equations given in Table 4.1. Note that the
equation for the hollow circular cross-section in Table 4.1 is
not in a form based upon Equation 4.4 and is valid for any
wall thickness.

45 Elastic Stresses Due to Bending and Axial Load

In addition to the torsional stresses, bending and shear stresses
(o, and t,, respectively) due to plane bending are normally
present in the structural member. These stresses are deter-
mined by the following equations:

M

C="g (4.5)
_ye
W=7, (4.6)

where

o, = normal stress due to bending about either the x ory
axis, ksi

M =bending moment about either the x ory axis, Kip-in.

S = elastic section modulus, in.’

T, = shear stress due to applied shear in either x or y
direction, ksi

V = shear in either x or y direction, kips

Q = O, for the maximum shear stress in the flange

= Q,, for the maximum shear stress in the web.
I = moment of inertia Z, or I,, in.’
t = thickness of element, in.

The value of t, computed using @, from Appendix A is the
theoretical value at the center of the flange. It is within the
accuracy of the method presented herein to combine this
theoretical value with the torsional shearing stress calculated
for the point at the intersection of the web and flange center-
lines.

Figure 4.8 illustrates the distribution of these stresses,
shown for the case of a moment causing bending about the
major axis of the cross-section and shear acting along the
minor axis of the cross-section. The stress distribution in the
Z-shape is somewhat complicated because the major axis is
not parallel to the flanges.

Axial stress ¢, may also be present due to an axial load P.
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This stress may be tensile or compressive and is determined
by the following equation:

o,= @7

>

where

o, = normal stress due to axial load, ksi
P = axial load, Kips
A =area in’

4.6 Combining Torsional Stresses With Other Stresses
4.6.1 Open Cross-Sections

To determine the total stress condition, the stresses due to
torsion are combined algebraically with all other stresses
using the principles of superposition. The total normal stress

£, is:

f.=0,t0,t0, %o, (4.8a)
and the total shear stress f,, is:
A T o A o e o (4.9a)

As previously mentioned, the terms o,, and T, may be taken
as zero in the following cases:

d/2

\

\ 2
éS . d/
\ « Location of Shear Center
' Tt= Gto'
(a) Positive Angle of Rotation (b) Shear Stress Due to Pure Torsion

w0 \0'0)2
C T\ Cw2
C compression
T tensi
CGw2
[9) .
o0 — Ny
T -
Cw2
Cas= EWnSG"
(c) Shear Stress Due to Warping (d) Normal Stress Due to Warping
Figure 4.2.

14

1. members for which warping is unrestrained
2. single-angle members
3. structural tee members

In the foregoing, it is imperative that the direction of the
stresses be carefully observed. The positive direction of the
torsional stresses as used in the sign convention presented
hereinis indicated in Figures 4.1, 4.2,and4.3. Inthe sketches
accompanying each figure, the stresses are shown acting on
a cross-section of the member located at distance z from the
left support and viewed in the direction indicated in Figure
4.1. In all of the sketches, the applied torsional moment acts
at some arbitrary point along the member in the direction
indicated. In the sketches of Figure 4.8, the moment acts about
the major axis of the cross-section and causes compression in
the top flange. The applied shear is assumed to act vertically
downward along the minor axis of the cross-section.

For I-shapes, 6, and G, are both at their maximum values
at the edges of the flanges as shown in Figures 4.1 and 4.8.
Likewise, there are always two flange tips where these
stresses add regardless of the directions of the applied tor-
sional moment and bending moment. Also for I-shapes, the
maximum values of 1, t,, and 1, in the flanges will always
add at some point regardless of the directions of the applied
torsional moment and vertical shear to give the maximum

0
Y
\
\
\
\
\
\
\
\ + Location of Shear Center
' Tt= Gtéo'
(a) Positive Angle of Rotation {b) Shear Stress Due to Pure Torsion
Tol .
w2
Tu)O‘CD

]
T2 (L0

Tot Cas= EWnse"

(c) Shear Stress Due to Warping (d) Normal Stress Due to Warping

Figure 4.3.
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shear stress in the flange. For the web, the maximum value of
17, adds to the value of , in the web, regardless of the direction
ofloading, to give the maximum shear stress in the web. Thus,
for I-shapes, Equations 4.8a and 4.9a may be simplified as
follows:

f,=0,% (0, + Gy, +G,) (4.8b)
[i= Tt Ty + T+ T, (4.9b)

For channels and Z-shapes, generalized rules cannot be given
for the determination of the magnitude of the maximum
combined stress. For shapes such as these, it is necessary to
consider the directions of the applied loading and to check the
combined stresses at several locations in both the flange and
the web.

Determining the maximum values of the combined stresses
for all types of shapes is somewhat cumbersome because the
stresses T, 1T,, ©,, G, and T, are not all at their maximum
values at the same transverse cross-section along the length
of the member. Therefore, in many cases, the stresses should
be checked at several locations along the member.

4.6.2 Closed Cross-Sections

For closed cross-sections, stresses due to warping are either
not induced® or negligible. Torsional loading does, however,
cause shear stress, and the total shear stress f, is:

T
T - h
T
h
T
lh
Beam Flange

I~

L.

N

=T

N
=2
N
¥

—»
Sl
it <
~
ES
]
S
=l

Figure 4.4.

fim Tt T+ T, (4.10)

In the above equation,

(4.11)

where

A, = total web area for square and rectangular HSS and
half the cross-sectional area for round HSS and steel

pipe.
4.7 Specification Provisions
4.7.1 Load and Resistance Factor Design (LRFD)

In the following, the subscript u denotes factored loads.
LRFD Specification Section H2 provides general criteria for
members subjected to torsion and torsion combined with
other forces. Second-order amplification (P-delta) effects, if
any, are presumed to already be included in the elastic analy-
sis from which the calculated stresses (f,,, f..» Ca» Cp» Oy Ty
T, and t,)) were determined.
For the limit state of yielding under normal stress:

finSOF (4.12)
For the limit state of yielding under shear stress:

w S 00.6F, (4.13)
For the limit state of buckling:

Jun= O, (4.14)
or

fuSOF, (4.15)

as appropriate. In the above equations,

= yield strength of steel, ksi
. = critical buckling stress in either compression (LRFD

2 ¢

K
E

(a) shear stresses due to (b) inplane shear (c) secondary shear
pure torsion stresses due to stresses due to
warping warping
Figure 4.5.

3 For a circular shape or for a non-circular shape for which warping is unrestrained, warping does not occur, i.e., Gw and Tw are equal to zero.
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Specification Chapter E) or shear (LRFD Specifica-
tion Section F2), ksi

¢ =090

¢, =0.85

When it is unclear whether the dominant limit state is yield-
ing, buckling, or stability, in a member subjected to combined
forces, the above provisions may be too simplistic. Therefore,
the following interaction equations may be useful to conser-
vatively combine the above checks of normal stress for the
limit states of yielding (Equation 4.12) and buckling (Equa-
tion 4.14). When second order effects, if any, are considered
in the determination of the normal stresses:

ca cbx o-l7y cw
+ + <
085E, * g.F, - 09E T 09F =10 (4.162)

If second order effects occur but are not considered in deter-
mining the normal stresses, the following equation must be
used:

O, G, Gby

0.85E, * P * P t
[ EJor [ o
—;W—— <10 (4.16h)
[1 ~ 5 |09%

No relative displacement
along longitudinal line

(a) hollow section

Relative displacement
along longitudinal line

(b) siotted hollow section

Figure 4.6.

In the above equations,

E, = compressive critical stress for flexural or flexural-tor-
sional member buckling from LRFD Specification
Chapter E (o, term), ksi; critical flexural stress con-
trolled by yielding, lateral-torsional buckling (LTB),
web local buckling (WLB), or flange local buckling
(FLB) from LRFD Specification Chapter F (o, term)

P, = factored axial force in the member (Kips)

B =elastic (Euler) buckling load.

Shear stresses due to combined torsion and flexure may be
checked for the limit state of yielding as in Equation 4.13.
Note that a shear buckling limit state for torsion (Equation
4.15) has not yet been defined.

For single-angle members, see AISC (1993b). A more
advanced analysis and/or special design precautions are sug-
gested for slender open cross-sections subjected to torsion.

4.7.2 Allowable Stress Design (ASD)

Although not explicitly covered in the ASD Specification, the
design for the combination of torsional and other stresses in
ASD can proceed essentially similarly to that in LRFD,
except that service loads are used in place of factored loads.
In the absence of allowable stress provisions for the design of
members subjected to torsion and torsion combined with
other forces, the following provisions, which parallel the
LRFD Specification provisions above, are recommended.
Second-order amplification (P-delta) effects, if any, are pre-
sumed to already be included in the elastic analysis from
which the calculated stresses (f,, f.» 6., G G, Ty, T, and T,)
were determined.
For the limit state of yielding under normal stress:

" < 0.6F, @.17)
For the limit state of yielding under shear stress:

f,<04F (4.18)

-

(a) dircular shape

(b) square or
rectangular shape

Figure 4.7.
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For the limit state of buckling:

<FE or f.<E, (4.19)

or

f<E (4.20)

as appropriate. In the above equations,

F, = Yyield strength of steel, ksi
F, = allowable buckling stress in compression (ASD
Specification Chapter E), ksi
F,, = allowable bending stress (ASD Specification Chap-
ter F), ksi
= allowable buckling stress in shear (ASD Specifica-
tion Section F4), ksi

F,

v

When it is unclear whether the dominant limit state is yield-
ing, buckling, or stability, in a member subjected to combined
forces, the above provisions may be too simplistic. Therefore,
the following interaction equations may be useful to conser-
vatively combine the above checks of normal stress for the
limit states of yielding (Equation 4.17) and buckling (Equa-
tion 4.19). When second order effects, if any, are considered
in determining the normal stresses:

O, O,
F,‘,,, T 0.6F, ~ 0.6F, ~

(4.21a)

ol

If second order effects occur but are not considered in deter-
mining the normal stresses, the following equation must be
used:

(4.21b)

In the above equations,

F, = allowable axial stress (ASD Specification Chapter
E),ksi

F,. = allowable bending stress controlled by yielding,
lateral-torsional buckling (LTB), web local buck-
ling (WLB), or flange local buckling (FLB) from
ASD Specification Chapter F, ksi

f, = axial stress in the member, ksi

FE = elastic (Euler) stress divided by factor of safety (see
ASD Specification Section H1).

Shear stresses due to combined torsion and flexure may be
checked for the limit state of yielding as in Equation 4.18. As
with LRFD Specification provisions, a shear buckling limit
state for torsion has not yet been defined.
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For single-angle members, see AISC (1989bh). A more
advanced analysis and/or special design precautions are sug-
gested for slender open cross-sections subjected to torsion.

4.7.3

Chu and Johnson (1974) showed that for an unbraced beam
subjected to both flexure and torsion, the stress due to warping
is magnified for a W-shape as its lateral-torsional buckling
strength is approached; this is analogous to beam-column
behavior. Thus, if lateral displacement or twist is not re-
strained at the load point, the secondary effects of lateral
bending and warping restraint stresses may become signifi-
cant and the following additional requirement is also conser-
vatively suggested.

For the LRFD Specification provisions of Section 4.7.1,
amplify the minor-axis bending stress ©,, and the warping
normal stress o,, by the factor

OF,
¢E‘re — O

where OF,’ is the elastic LTB stress (ksi), which can be derived
for W-shapes from LRFD Specification Equation FI-13. For
the ASD Specification provisions of Section 4.7.2, amplify
the minor-axis bending stress o,, and the warping normal
stress ©,, by the factor

Effect of Lateral Restraint at Load Point

4.22)

\Gb

(a)BendmgStmesesDuemBeamAdlonob-g

TpFange TpFlange
A 4] QTbFlanQe
E] Btheb E‘ @theb —
Ty Flange TpFlange ToFlange ToWeb
va

(b) Shear Stresses Due to Beam Action Tp

Figure 4.8.
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Ee
— 4.23
(Exe - Gbx) ( )
where E,; is the elastic LTB stress (ksi), given for W-shapes,
by the larger of ASD Specification Equations F1-7 and F1-8.

4.8 Torsional Serviceability Criteria

In addition to the strength provisions of Section 4.7, members
subjected to torsion must be checked for torsional rotation 8.
The appropriate serviceability limitation varies; the rotation
limit for a member supporting an exterior masonry wall may

18

differ from that for a member supporting a curtain-wall sys-
tem. Therefore, the rotation limit must be selected based upon
the requirements of the intended application.

Whether the design check was determined with factored
loads and LRFD Specification provisions, or service loads
and ASD Specification provisions, the serviceability check of
6 should be made at service load levels (i.e., against Unfac-
tored torsional moment).The design aids of Appendix B as
well as the general equations in Appendix C are required for
the determination of ©.
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Chapter 5
DESIGN EXAMPLES

Example 5.1

As illustrated in Figure 5.1a, a W10x49 spans 15 ft (180 in.)
and supports a 15-kip factored load (10-kip service load) at
midspan that acts at a 6 in. eccentricity with respect to the
shear center. Determine the stresses on the cross-section and
the torsional rotation.

Given:

The end conditions are assumed to be flexurally and torsion-
ally pinned. The eccentric load can be resolved into a torsional
moment and a load applied through the shear center as shown
in Figure 5.1b. The resulting flexural and torsional loadings
are illustrated in Figure 5.1c. The torsional properties are as
follows:

J =139in?
a =621in.

C, =2070in°
W, =23.6in2
S, =33.0in*
0, =13.0in?
0, =302in?

The flexural properties are as follows:

1, =272in*
S, =54.6in>
f, =0.560in.
t, =0.340in.

Solution:
Calculate Bending Stresses

Pl
4

M,=

_ (15 kips) (180 in.)
= 4

= 675 kip-in.

M,
Gbx = Sx (45)
_ 675 kip-in.
"~ 5461’
= 124 ksi (compression at top; tension at bottom)
V.0,
Tow = T (4.6)
(7.5 kips) (30.2 in.%)
(272 in.*) (0.340 in.)
=245 ksi
V.0
be = —I tff (46)
_ (1.5 kips) (13.0in.%)
" (272in.%) (0.560 in.)
= 0.64 ksi
For this loading, stresses are constant from the support to the
load point.
Py = 15 kips 61,,5”"5 15 kips
. Ve . HEEE
W10x49 ~ 90 Kio-in.
r—r-sJ J = paeren
, 15 ! — —
(a) (b)
15 kips
v
AN ol
Flexure
90 kip-in.
P (‘ <
Torsion
©
Figure 5.1.
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Calculate Torsional Stresses
L=Fe
=15 kips X 6 in.
= 90 kip-in.

The following functions are taken from Appendix B, Case 3,
with o = 0.5:

1 _180in.
a 62.1in.
=2.90
At midspan (z/1=0.5)
oxZL w1l 1000 0 =+0.09%
T "1 Iheaad'e Y
4 ﬂ _ 77 __ 7:1
0” x T x a=-0.44 0 ——0.44G]a
o GJ ,_
0 T =0 0'=0
9"’><§1Xa2"—050 eln__os Tu
T . = '076]

At the support (z/1=0)
GI_1

Ox - x7=0 8=0
9"><%xa=0 07 =0
9’><%=+0.28 o= +0’2867;;J
9"’X%Xa2=—0.22 9"’:—0,2257;"25

In the above calculations (note that the applied torque is
negative with the sign convention used in this book):

L —90 kip-in.
GJ (11,200 ksi) (1.39 in.*)

=-5.78 X 107 rad.fin.
The shear stress due to pure torsion is:
T, = Gt 4.1)
At midspan, since 8" =0, t,= 0. At the support, for the web,
T, = (11,200 ksi)(0.340 in.)(0.28 X —5.78 x 107 rad./in.)
=-6.16ksi

and for the flange,

20

T, = (11,200 ksi)(0.560 in.)(0.28 x —5.78 x 10~ rad./in.)
=-10.2 ksi

The shear stress due to warping is:

""E 14
= —-S—‘i@— (4.2a)
L
At midspan,
(29,000 ksi)(33.0 in.})[ (<0.50)(-5.78 x 10~ rad/in.)
T, = . ;
w 0.560 in. (62.1in.)?
=-1.28 ksi
At the support,

o = (29,000 ksi)(33.0 in. [ (<0.22)(=5.78 x 10~ rad /in.)
v 0.560 in. (62.1in.y

= —0.56 ksi
The normal stress due to warping is:
o, =EW, 0" (4.33)

At midspan,

_ -3
6. = (29,000 ksi)(23.6 in'2)[(—0.44)( 5.78 x 10 rad/m.)}

(62.11in.)
= 28.0 ksi

At the support, since ” =0, 6, =0

Calculate Combined Stress

Summarizing stresses due to flexure and torsion:

Location Ow Op fun 1t Tw L) fuv

Midspan flange (£28.0 £12.4|+40.4] 0 -1.28 +0.64|- 1.92

web | — — — 0 — 12.45|+ 245
Support flange| 0 0 0 |-10.2 -0.56 +0.64|-11.4
web | — — — |- 6.16 — 12.45|- 8.61
Maximum +40.4 -11.4

Thus, as illustrated in Figure 5.2, it can be seen that the
maximum normal stress occurs at midspan in the flange at the
left side tips of the flanges when viewed toward the left
support and the maximum shear stress occurs at the support
in the middle of the flange.

Calculate Maximum Rotation

The maximum rotation occurs at midspan. The service-load
torque is:

T = Pe
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= ~10 kips x 6 in.
= ~60 kip-in.

and the maximum rotation is:

000 Tl
9—+0.09GJ

_0.09(=60 kip-in.)(180 in.)

(11,200 ksi)(1.39 in.*)

= ~0.062 rad.

Example 5.2

Repeat Example 5.1 for a TS10x6xY; (F, = 50 ksi). Compare

the magnitudes of the resulting stresses and rotation with

those determined in Example 5.1.

Given:

S, =362in}
J =187int

Solution:
Calculate Bending Stresses
From Example 5.1,
M, = 675 kip-in.
V. =71.5 kips
M

u

S

_ 675 kip-in.
~36.2in’

= 18.7 ksi

v,
A,

O, =

Tb =
_ 7.5 kips
2X%X10in. X % in
= 0.75 ksi
Calculate Torsional Stress

From Example 5.1,

T, = 90 kip-in.
_ L
K 2A,
=90 kip-in.

T 2(%in.)9.5in. x 5.5 in.)

- =~1.72 ksi

(4.5)

(4.11)

4.4)
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Calculate Combined Stress

fuv =‘cb+‘ct

=10.75 ksi — 1.72 ksi

= —2.47 ksi

Calculate Maximum Rotation

From Example 5.1,

T = —60 kip-in.
0= (T/2)1/2)
B GJ

_ (=60 kip-in./2)(180 in. /2)

(11,200 ksi)(187 in %)

=—0.0013 rad.

(4.10)

Comparing the magnitudes of the maximum stresses and
rotation for this HSS with those for the W-shape of Exam-

ple5.1:

-28.0 +28.0
-124 1 124
404 +15.6
(MAX COMP)
+28.0 - 280
H24 +124
+404 —-15.6
(MAX TEN.)
(a) Normal stresses due to bending and
torsion at midspan.
—-102 —
— =056 — )~—+11.4 -— (MAX. FLANGE)
— +0.64 —

+861[(-6.161 0 245]
(MAX. WEB)

245|

— 4064-—
— 056 —
—-102—
0 616

— 4064 —
— —0.56—
— 102 —

— 4064 —
— —056-— )—+11.4 — (MAX. FLANGE)
——102—

(b) Shear stresses due to bending and
torsion at support.

Figure 5.2.

—+103 —

|>+3711

>-—+10.3'—
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W10x49 TS10x6x1,
fon 40.4 ksi 18.7 ksi
£ 11.4 ksi 2.47 ksi
0 0.062 rad. 0.0013 rad.

Thus, stresses and rotation are significantly reduced in com-
parable closed sections when torsion is a major factor.

Example 5.3

Repeat Example 5.1 assuming the concentrated force is intro-
duced by aW6x9 column framed rigidly to the W10x49 beam
as illustrated in Figure 5.3. Assume the column is 12 ft long
with its top a pinned end and a floor diaphragm provides
lateral restraint at the load point. Compare the magnitudes of
the resulting stresses and rotation with those determined in
Examples 5.1 and 5.2.

Given:

For the W10X49 beam:
S, =18.7in*

For the W6x9 column:

A =268in?

I, =164 in.*

r. =247in.
Solution:
In this example, the torsional restraint provided by the rigid
connection joining the beam and column will be utilized.

Determine Flexural Stiffness of Column

M 3EI
o I
_ 3(29,000 ksi)(16.4 in.*)
- 144 in.
| [
; j
| |
| |
I I \ wexg
| [
[ |
|
:
W10x49 — :
|
[
| [
|
t |
i I
I e
| [
i !
Figure5.3.
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= 9,910kKip-in./rad.
Determine Torsional Stiffness of Beam
From Example 5.1,

or

_ (11,200 ksi)(1.39 in.%)
T 0.09(180in.)

=961 kip-in./rad.

Determine Distribution ofMoment

Relative
Stiffness Stiffness Moment
Beam 961 0.09 8.1 kip-in.
Column 9,910 0.91 81.9 kip-in.
Total 10,871 1.00 90.0 kip-in.

Thus, the torsional moment on the beam has been reduced
from 90 Kip-in. to 8.1 kip-in. The column must be designed
for an axial load of 15 kips plus an end-moment of 81.9 kip-in.
The beam must be designed for the torsional moment of 8.1
kip-in., the 15-kip force from the column axial load, and a
lateral force P, due to the horizontal reaction at the bottom of
the column, where

M,
Fy="

_ 81.9 kip-in.
= 144in.

= 0.57 kips
CalculateBending Stresses
From Example 5.1,

o, =124 ksi

Ty, =245ksi -

T, = 0.64 ksi
In the weak axis,

by Pl

uy — 4

_ 0.57 kips (180 in.)
= 4
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= 25.6 kip-in.

L
V=2

_ 0.57 kips

Cpy = (4.5)

_25.6 kip-in.
77187 in

= 1.37 ksi

_B,x15

Chiy (4.2b)

__ 057kipsx 1.5
2(10.0 in. X 0.560 in.)

= 0.076 ksi

Calculate Torsional Stress

Since the torsional moment has been reduced to 9 percent of
that used in Example 5.1, the torsional stresses are also
reduced to 9 percent of those calculated in Example 5.1. These
stresses are summarized below.

Calculate Combined Stress

Summarizing stresses due to flexure and torsion

Location Ow Gbx Gby fun
Midspan flange -2.52 +12.4 +1.37 -16.3
web — — — —
Support flange 0 0 0 0
web — — —
Maximum -16.3
Location Tt Tw Tox Toy fuv
Midspan flange 0 -0.12 +0.64 $0.076 | -0.84
web 0 — 12.45 — 12.45
Support flange | -0.92 -0.05 $0.64 10.076 | -1.67
web -0.55 — 12.45 — -3.00
Maximum -3.00

As before, the maximum normal stress occurs at midspan in
the flange. In this case, however, the maximum shear stress
occurs at the support in the web.

Calculate Maximum Rotation

Since the torsional moment has been reduced to 9 percent of
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that used in Example 5.1, the maximum rotation, which
occurs at midspan, is also reduced to 9 percent of that calcu-
lated in Example 5.1 or:

6 = —0.0056 rad.

Comments

Comparing the magnitudes of the stresses and rotation for this
case with that of Example 5.1:

W10x49 W10x49
unrestrained restrained
fun 40.4 ksi 16.3ksi
S 114 ksi 3.00ksi
0 0.062 rad. 0.0056 rad.
Z
G AT_*
%
—] .J"
[ AJ_
1w |
@
310 kips 420 kips
A | .B cC _|D E
iy ) 3y Jox
. -
| 25' |
(®)
343
T T T Vy (kips)
387
34,830
30,870
My (kip-in.)
1,030
100
AT GO T, kipin)
1,160
©
Figure 5.4.
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Thus, consideration of available torsional restraint signifi- Ly
4

cantly reduces the torsional stresses and rotation. Cv= 35
Example 5.4 _ (1,950 in.*)(34 in.)?

The welded plate-girder shown in Figure 5.4a spans 25 ft (300 4

in.) and supports 310-kip and 420-kip factored loads (210-kip = 564,000 in.®

and 285-kip service loads). As illustrated in Figure 5.4b, these

concentrated loads are acting at a 3-in. eccentricity with

respect to the shear center. Determine the stresses on the a =E—\ ’Ex (3.6)
cross-section and the torsional rotation. 2NGJ

Given:
- . 34in., {(29,000 ksi)(1,950 in.*)
The end conditions are assumed to be flexurally and torsion- =" (11,200 ksi)(107 in*)
ally pinned. ’ st 1
Solution: =117 1n.
Calculate Cross-Sectional Properties W, = h—ff (3.7)
(18in.)(36in.)’’ (18in)(32in.)’> (1in)(32in.)® , )
I.= 12 - 7 + 12 _4 1n.11(18 in.)
=23,600 in.*
=153in.?
5=k hb?
x = t,
c S, = —léf (3.8)
23,600 in.* . . 2
T _ (34in.)(18 in.)*(2 in.)
B 16
=1,310in.?
, , , = 1,380 in.*
(36in.)(18in.) (32in)(18in.)* (32in.)(1in.)
I,= - + ht(b,—t,)
) 12 12 12 0= _ng__ (3.9)
= 1,950 in.*
_(34in)2in.)(18 in. -1 in.)
S =ﬁ - 4
y cy
=289 in}
_1,950in* Wb -
= ; h—1t)t,
9in. 0,= "2, Aot (3.10)
=217 in.3
. . . . - . 2 .
Calculate Torsional Properties = (34 m)(lim.)(z ln')+ (34in. 281n.) (in.)
J= z% (3.4) =740 in}
. 3 . . Calculate Bending Stresses
_(2x18in)2in.y’ (32in.)1in.)
= 3 + 3 By inspection, points D and E are most critical. At point D:
~ 4 M,
=107 in. 6, = < (4.5)
h=d-1 (3.11) o
_ 34,830 kip-in.
=36in.—2in. ' T 71310in?
=34 in. = 26.6 ksi (compression at top; tension at bottom)

AtpointE, ¢, =0.
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Between points D and E:

_Yo.

T, =
bw Ix tw

(4.6)

_ (387 kips)(740 in 2)
(23,600 in.*)(1 in.)

=12.1 ksi

Y

_ (387kips)(289 in?)
~ (23,600 in.*)(2 in.)

=2.37 ksi

For this loading, shear stresses are constant from point D to
point E.

Calculate Torsional Stresses
T,5 =310 kips X 3 in.
= 930 kip-in.
T,, =420 kips X 3 in.
= 1,260 kip-in.

The effect of each torque at points D and E will be determined
individually and then combined by superposition.

Use Case 3with o.= 0.3 (The effects of each load are added
by superposition).

1300 in.
a 117 in.
=2.56
T, +930kip-in.

GJ (11,200 ksi)(107 in )
= +7.76 x 10~ rad/in.

Lp _ +1,260 kip-in.
GJ (11,200 ksi)(107 in %)

= +1.05 x 10 rad./in.
At point D (/1 = 0.7 for Ty, /I = 0.3 for Tp):

- Ll LJ
6 =+0.045 7 +0.060 "

=+2.94 x 1077 rad.

Lo

7 _ Y;B
07 =-0.11 Gla

Gla

+-0.38

=—4.14 x 107 rad./in.?

25

0’ =-0.12

Ls To
GJ + —0.1()—G 7

=—1.98 x 10 rad./in.

TB TD
{4 = . _l_l—_ .60 Ui
¢] +0 17G.Ia2 ++40 Cid

=+5.57 x 10" rad./in.
At point E (/1 = 1.0 for T, /I = 0.0 for Tp):
0=0
0”=0

, Ts Lp
0 ——0,16GJ+—0.25GJ

=-3.87 x 10™* rad./in.

T, T,
0" =40.13--2, + +0.47-=
Gld Gid*

= +4.34 x 107 rad./in.?

The shear stress due to pure torsion is calculated as:

T, = Gto’ 4.2)
and the stresses are as follows:
T, ksi
Point Flange (t=2in.) Web (t=1in.)
D ~4.47 -2.24
E -8.75 -4.37
The shear stress due to warping is calculated as:
w = i%ﬁ (4.29)
At point D,
o - ~(29,000 ksi)(1,380 in.*)(+5.57 x 107 rad /in.*)
¥ (21in.)
=—1.11 ksi
At point E,
. - —(29,000 ksi)(1,380 in.*)(+4.34 x 107 rad /in.%)
" (21in.)
= —0.87 ksi
The normal stress due to warping is calculated as:
o,=EW, 0" (4.33)
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At point D,
o, = (29,000 ksi)(153 in.2)(—4.14 x 107 rad./in.?)
=—18.4 ksi
At point E, since 7 =0, 6, =0
Calculate Combined Stress

Summarizing stresses due to flexure and torsion:

Location Cw ob fun
Point D flange -18.4 +26.6 —45.0
web — —_ _
Point E flange 0 0 0
web — —
Maximum —45.0
Location Tt Tw T fuv
Point D flange -4.47 -1.11 + 2.37 - 7.95
web -2.24 — 121 -14.3
Point E flange -8.75 -0.87 + 237 -12.0
web -4.37 — +12.1 -16.5
Maximum -16.5

Thus, it can be seen that the maximum normal stress occurs
at point D in the flange and the maximum shear stress occurs
at point E (the support) in the web.

Calculate Maximum Rotation

From Appendix B, Case 3 with a = 0.3, it is estimated that
the maximum rotation will occur at approximately 14% feet

3.6 kipstt 3.6 kipsft

Wy =36 kips/it q 185" l
3'1 LT ldc}axl‘;zlyllﬁ ] - ].)e.eemp«-nm
| * I ° : g_%;gih +0.877 in.
@ =185in
®)
Wy = 36 kipsft
g VLDV T 0 1 2
3 3 Z—7)
t,=666kpinst | -
e E
@ @

Figure 5.5.

from the left end of the beam (point A). At this location,
2/1=0.58 for T and /I = (1 — 0.58) = 0.42 for T;,.
The service-load torques are:

T; = 210 kips X 3 in.
= 630 kip-in.
T, = 285 kips X 3 in.
= 855 kip-in.
The maximum rotation is:

00555 1 00652
9—+O.055GJ+O.O6SGJ

_ 0.055(630 kip-in.)(300 in.)
T (11,200 ksi)(107 in.%)

0.065(855 kip-in.)(300 in.)
(11,200 ksi)(107 in.*)

= (0.023 rad.

Example 5.5

The MCI8x42.7 channel illustrated in Figure 5.5a spans 12
ft (144 in.) and supports a uniformly distributed factored load
of 3.6 Kips/ft (2.4 kips/ft service load) acting through the
centroid of the channel. Determine the stresses on the cross-
section and the torsional rotation,

Given:

The end conditions are assumed to be flexurally and torsion-
ally fixed. The eccentric load can be resolved into a torsional
moment and a load applied through the shear center as shown
in Figure 5.5b. The resulting flexural and torsional loadings
are illustrated in Figure 5.5c. The torsional properties are as
follows:

J =123in?
a =424in.
C, =852in?t
W, =22.0in.?
W, = 104 in?
S, =174in*
S,, =13.5in.*
S,; =6.75in.*
e, =0.969in
Q; =19.7in?
Q, =379in?
The flexural properties are as follows:

I, =554 in.*
S, =61.6in?
t; =0.625 in.
t, = 0.450 in.
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Solution:

From the graphs for Case 7 in Appendix B, the extreme values
of the torsional functions are located at z/Z values of 0, 0.2,
0.5, and 1.0. Thus, the stresses at the supports (zI = 0 and
#/1=1.0), 1 =0.2, andmidspan (z = 0.5) are of interest.

Calculate Bending Stresses

At the support:

wl
12

(3.6 kips /f)(12 ft)%(12 in. / ft)
- 12

M, =

= 518kip-in.

y =W
“T 2

_ (3.6 kips / ft)(12 ft)
B 2

= 21.6 kips

- (4.5)

_ 518 kip-in.
~616in]

= 8.41 ksi

_Y%o.
== (46)

xw

_ (216 kips)(37.9in )
(554 in4)(0.450 in.)

= 3.28 ksi

wa

AY (4.6)

Tir=——
Ly

_ (216 kips)(19.7 in )
"~ (554 in)(0.625 in.)

=1.23 ksi
At midspan (/1 = 0.5):

wl
24

(3.6 kips /f)(12 fyX(12 in. / ft)
- 24

M, =

= 259kip-in.
M,
5 45)

pe

G, =

_ 259 kip-in.
T 61.6in°

=420 ksi
since V, =0, T, = T,y = 0.
Atz/1=0.2:

V.=w, [—é——O.ZI]

— 3.6 kips /ft (%—f‘ ~02(12 ft)j

= 13.0 kips

"c =
bw Ixtw

_ (13.0 kips)(37.9 in?)
"~ (554 in.%)(0.450in.)

= 1.98 ksi

AY :
T = thf (4.6)

_ (13.0kips)(19.7 in )
(554 in4)(0.625in.)
= 0.740 ksi

Since M, is maximum at the support, its value at 2/ = 0.2, as
well as the value of o, at /1 = 0.2, is not necessary.

Calculate Torsional Stresses
t,=w.e
= (3.6 kips/ft)(1.85in.)
= 6.66 kip-in./ft
The following functions are taken from Appendix B, Case 7:

At the support (z/1 = 0):

GJ_2
x =
t, al

0 x 0 0=0

GJ 2
, <7 =046 2Gia

0” x
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At midspan (/1 = 0.5):

GJ]_ 2 tal
0 x : Xal_+0.15 9—4—0.1526]
,0 Q E_ ” tul
0" x y X ] =-0.20 0 ——0.20@
xS x2_0 =0
t, |
2
9"'Xg-lng—=0 0 =0
t, !
Atz/1=0.2:
GJ]_ 2 tal
0 x . xal-—+0.07 e_+0'072G]
9"xg~'{xk=0 0 =0
t, 1
L Gl 2 . 1]
0" x . Xl—+0.14 9—+0.14ZGJ
rr7 __G__-l E_ ’r_ tul
8" x : X I =-0.46 0 __0'46_”(;]

In the above calculations:

td (666 kip-inA)(12 fi)
GJ (11,200 ksi)(1.23in%)

=5.80 x 107 rad./in.
The shear stress due to pure torsion is:
1:’ = Gte' (41)

Atthe support, and at midspan, since 8 =0,1,=0. Atz//=0.2,
for the web,

3
7, = (11,200 ksi)(0.450 in.)(0.14 x 5.80 x 107 rad/m.}

2
=2.05 ksi

and for the flange,

3
7, = (11,200 ksi)(0.625 in.)(o-” x 5.80 ; 10- radﬁn.J

= 2.84 ksi

The shear stress at point s due to warping is:

= ESW JB,,,

w = (4.2a)
(Refer to Figure 5.5d or Appendix A for locations of critical
points s)

At midspan, since " = 0, 1, = 0. At the support,

(29,000 ksi)(17.4 in.)[ ~1.0 X 5.80 X 10” rad /in. |

T, : :
' (0.625 in.) 2(42.4in.y?
= 1.30 ksi
(29,000 ksi)(13.5 in.*)] =1.0 x 5.80 x 10” rad/in. |
2 (0.625 in.) 2(42.4 in.)?
= 1.01 ksi
o - ~(29.000ksi)6.75 in.*) [ 1.0 x 5.80 x 107 rad /in. |
i (0.450 in.) 2(42.4 in.)
= 0,702 ksi
Atz1=02,
o - (29000 ksi)(17.4 in.)[ -0.46 x 5.80 x 10 rad /in. |
v (0.625 in.) 2(42.4 in.)?
= 0.599 ksi
(29,000 ksi)(13.5 in.*)] —0.46 x 5.80 x 10" rad /in. |
" (0.625 in.) 2(42.4in.y
= 0.465 ksi
o (29,000 ksi)(6.75 in ~0.46 x 5.80 x 10° rad /in.
v (0.450 in.) 2(42.4 in.) ]
=0.323 ksi

The normal stress at point s due to warping is:

Ous = EW,,8" (4.3a)
At the support,
3
6, = (29,000 ksi)(22.0 in | 246 380 10" rad /in.
2% 424 in.

=20.1ksi

3
6., = (29,000 ksi)(10.4 i[1.2)(0.46 % 5.80 x 107 rad/m.]

2x42.4 in.
=9.49 ksi
At midspan,

—0.20 x 5.80 x 107 rad /in.
=(29, i)(22.0 in.?
G, = (29,000 ksi)( in )( X A2 A ]

= —8.73 ksi

. .80 x 107 rad /in.
G,, = (29,000 ksi)(10.4 in.Z)(‘O 20X 25 34;4 2 rad /in )

=—4.13 ksi
Atz/1=0.2,since 8” =0, 6,,=0.
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Calculate Combined Stress
Summarizing stresses due to flexure and torsion:

Location Point Ow Ob fun
Support 0 20.1(C) 8.41(T) 11.7(C)
1 0 8.41(T) 8.41(T)
2 9.49(T) 8.41(T) 17.9(T)
3 0 0 0
Midspan 0 8.73(T) 4.20(C) 4.53(T)
1 0 4.20(C) 4.20(C)
2 4.13(C) 4.20(C) 8.33(C)
3 0 0 0
21=0.20 0 0 —_ _
1 0 — —_—
2 0 - —
3 0 — —_
Maximum 17.9(T)
Location  Point T Tw (" fuv
Support 0 0 0 0 0
1 0 1.30« — 1.30«
2 0 1.01« 1.23- 0.22-
3 0 0702  3.28! 398!
Midspan 0 0 0 0 0
1 0 0 0 0
2 0 0 0 0
3 0 0 0 0
21=0.20 0 2.845 0 0 2.845
1 2.84 : 0.599« —_ 3.44
2 284> 0.465« 0.740- 3.12-
3 205! 0323 1.98] 4.35]
Maximum 435|

Thus, it can be seen that the maximum normal stress (tension)
occurs at the support at point 2 in the the flange and the
maximum shear stress occurs at z/ = 0.20 at point 3 in the
web.

Calculate Maximum Rotation

The maximum rotation occurs at midspan. The service-load
distributed torque is:

t=we
= 2.4 kips/ft X 1.85 in.
= 4.44 kip-in./ft

and the maximum rotation is:

tal
0 =+0.15 2G]
_ 0.15(4.44 kip-in/ft)(42.4 in.)(12 ft)

2(11,200 ksi)(1.23 in.*)

29

= 0.012 rad.

Example 5.6

As illustrated in Figure 5.6a, a 3x3x¥%2 single angle is cantile-
vered 2 ft (24 in.) and supports a 2-kip factored load (1.33-kip
service load) at midspan that acts as shown with a 1.5-in.
eccentricity with respect to the shear center. Determine the
stresses on the cross-section, the torsional rotation, and if the
member is adequate if F, = 50 ksi.

Given:

The end condition is assumed to be flexurally and torsionally
fixed. The eccentric load can be resolved into a torsional
moment and a load applied through the shear center as shown
in Figure 5.6b. The resulting flexural and torsional loadings
are illustrated in Figure 5.6c. The flexural and torsional
properties are as follows:

J =0.234in*
S, =1.07in?
Solution:
Check Flexure
M, =Rl
=2 kips X 24 in.
= 48 kip-in.

Since the stresses due to warping of single-angle members are
negligible, the flexural design strength will be checked ac-
cording to the provisions of the AISC Specificationfor LRFD
of Single Angle Members (AISC, 1993h).

2 kips
2kips 2kips +
] ]
4 ' ' )
7 L3x3x1/2 = Qﬁ
L 2 ' 15"
3 kipin.
@ ®)
2 kips
1 '
3
Flexural
3 kip-in.
1 [
7 A
Torsional
©
Figure 5.6.
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With the tip of the vertical angle leg in compression, local ~.OM, = 48.2 kip-in. > 48 kip-in. o.k.
buckling and lateral torsional buckling must be checked. The

following checks are made for bending about the geometric Check Shear Due to Flexure and Torsion
axes (Section 5.2.2). _ The shear stress due to flexure is,
For local buckling (Section 5.1.1), P
_3 =7,
b/t= 05 v
___2kips
E 3in.x % in.
=6<0.382\/ = .
K = 1.33 ksi
M, =1.25M,
M, = E(0.805,) 5= %
_ . . 3
=50ksi (0.80x 1.07in.”) _ (B3 kip-in)(% in.)
= 42.8 kip-in. 0234t
oM, = 0.9(1.25M,) = 6.41 ksi
=0.9 (1.25 x 42.8 kip-in.) The total shear stress is,
= 48.2 kip-in. fw=Tp+ T
For LTB, = 1.33 ksi + 6.41 ksi
=17.74 ksi
0.66Eb*tC, . I :
M, =125 __12_"[ 1+0.78 (g]— 1] From LRFD Single-Angle Specification Section 3,
of, = 0.9(0.6F)
12 5[0.66(29,000 ksi)3 in)'(4 in)(1.0) = 0.9(0.6 x 50 ks1)
' (24 in.y? =27ksi>7.74ksi oK.
- — Calculate Maximum Rotation
(24 in.)(% in.) _ S
1+078 (3 in.p -1 The maximum rotation will occur at the free end of the
cantilever. The service-load torque is:
= 917 kip-in. T=Ppe
Since Mob > My =133 kipsx 1.5 in.
= 2.00 kip-in.
oM, =09 [1.58 - 0.83‘\’ % ]My <0.9(1.25M,) and the maximum rotation is:
ob
Tl
6= GJ
Py 2.00 kip-in.)(24 in.)
_ ~ 42.8 kip-in. "y = p-
=09 (1.58 0.83 917 kip-in. (42.8 kip-in.) (11,200 ksi)(0.234 in %)
= 0.018 rad.
<48.2 kip-in. Example 5.7
= 54.0 kip-in. > 48.2 kip-in. The crane girder and loading illustrated in Figure 5.7 is taken

from Example 18.1 of the AISC Design Guide Industrial
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Buildings: Roofs to Column Anchorage (Fisher, 1993). Use
the approximate approach of Section 4.1.4 to calculate the
maximum normal stress on the combined section. Determine
if the member is adequate if F, = 36 ksi.

Given:
For the strong-axis direction:

M, =679 kip-ft (strong-axis bending moment on com-
bined section)

S, =268in’

S, =436in’

Note that the subscripts 1 and 2 indicate that the section
modulus is calculated relative to the bottom and top, respec-
tively, of the combined shape. For the channel/top flange
assembly:

M, =389 Kip-ft (weak-axis bending moment on top
flange assembly)
S, =503in.’

Note that the subscript t indicates that the section modulus is
calculated based upon the properties of the channel and top
flange area only.

Solution:;

Calculate Normal Stress Due to Strong-Axis Bending

M,
obx top = _5'2— (45)
_ 679 kip-ft(12 in At)
B 436in.’
= 18.7 ksi
M,
Obx bottom = "ST (4.9)

31

_ 679 kip-ft(12 in )
- 268in.}

= 30.4 ksi

Calculate Normal Stress due to Warping

From Section 4.1.4, the normal stress due to warping may be
approximated as:

M
=
c,= S,

(4.3b)

_ 38.9 kip-ft(12 inAt)
- 50.3 in.

= 9.28 ksi

Calculate Total Normal Stress

f;.m top = Gbx top + o.w (48a)
= 18.7 ksi + 9.28 ksi
=28.0 ksi

Funvonom = 30.4 ksi &~ controls

Check Design Strength
OF, = 0.9(36 ksi)

=324ksi>304ksi ok.

Comments

Since it is common practice in crane-girder design to assume
that the lateral loads are resisted only by the top flange
assembly, the approximate solution of Section 4.1.4 is ex-
tremely useful for this case.

Vertical forces
produce M = 679 kip-ft

T —— Umﬂ C15x339
Lateral forces

produce M = 38.9 kip-t

W27x94

/A /A

Figure 5.7.
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Appendix A
TORSIONAL PROPERTIES

Swi
W
no BQ Wm Swo Q ch
v W-, M-, S-, and HP-Shapes
W = no Swo 4 Swo
Swi
Torsional Properties Statical Moments

J Cw a Who Sm Qr Qw
Shape in4 in. in. in.2 in.? in.3 in3
W44x335 74.4 536,000 137 168 1,180 282 811
290 515 463,000 153 166 1,040 251 709
262 37.7 406,000 167 165 922 225 636
230 24.9 346,000 190 164 789 194 551
W40x593 445 996,000 76.1 166 2,240 484 1,380
503 279 791,000 85.7 158 1,540 409 1,160
431 177 639,000 96.7 156 1,380 347 981
372 116 528,000 109 154 1,240 300 836
321 75.4 437,000 123 152 1,100 258 717
297 61.2 397,000 130 151 986 240 665
277 38.1 378,000 160 151 940 230 624
249 377 333,000 151 149 836 208 560
215 24.4 283,000 173 149 714 179 481
199 18.1 245,000 187 148 621 157 434
174 11.2 189,000 208 147 481 119 364
W40x466 277 393,000 60.6 125 1,160 322 1,030
392 172 306,000 67.9 121 940 272 856
331 106 242,000 76.8 118 762 228 715
278 64.7 192,000 87.6 115 622 192 596
264 56.1 181,000 91.3 114 589 184 566
235 413 161,000 101 113 530 168 506
21 304 140,000 109 112 468 151 453
183 19.6 119,000 125 111 402 134 391
167 14.0 99,300 136 111 336 113 346
149 9.60 79,600 147 110 270 92.0 299
W36x848 1,270 1,620,000 57.5 172 3,530 674 1,910
798 1,070 1,480,000 59.8 169 3,270 634 1,790
650 600 1,090,000 68.6 162 2,520 513 1,420
527 330 816,000 80.0 156 1,960 415 1,130
439 195 637,000 92.0 152 1,570 344 928
393 143 554,000 100 150 1,390 309 830
359 109 493,000 108 148 1,240 281 757
328 84.5 441,000 116 146 1,130 258 691
300 64.2 398,000 127 146 1,020 235 628
280 52.6 366,000 134 145 944 219 585
260 415 330,000 143 144 858 200 538
245 34.6 306,000 151 143 799 187 505
230 28.6 282,000 160 143 740 175 472
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Sw1

Wno Bﬂ Wm Swo Q Swo
w W-, M-, S-, and HP-Shapes
Wl S Swe
Sw1
Torsional Properties Statical Moments
J Cw a Who Swm Qr Qw
Shape in.4 in.8 in. in.2 in.4 in? in3
W36x256 53.3 168,000 90.3 109 576 176 520
232 39.8 148,000 98.1 108 512 159 468
210 28.0 128,000 109 108 446 138 416
194 222 116,000 116 107 407 128 383
182 18.4 107,000 123 106 378 120 359
170 15.1 98,500 130 105 349 111 334
160 124 90,200 137 105 321 103 312
150 10.1 82,200 145 105 294 95.1 23
135 6.99 68,100 159 104 245 79.9 255
W33x354 115 408,000 95.8 135 1,130 263 709
318 84.4 357,000 105 133 1,000 237 634
291 65.0 319,000 113 132 906 216 577
263 48.5 281,000 122 130 808 195 519
241 35.8 250,000 134 130 721 174 469
221 275 224,000 145 129 650 158 428
201 20.5 198,000 158 128 580 142 386
W33x169 17.7 82,400 110 93.7 329 109 314
152 12.4 71,700 122 93.8 286 95.1 279
141 9.70 64,400 131 93.3 258 86.5 257
130 7.37 56,600 141 92.8 228 76.9 233
118 5.30 48,300 154 92.2 196 66.6 207
W30x477 307 480,000 63.6 124 1,450 329 896
391 174 364,000 73.6 120 1,140 268 716
326 103 286,000 84.8 117 919 223 535
292 74.9 249,000 92.8 115 812 200 530
261 53.8 215,000 102 114 710 177 470
235 40.0 190,000 111 112 633 160 422
211 279 166,000 124 112 556 141 374
191 20.6 146,000 135 111 494 126 337
173 15.3 129,000 148 110 439 113 303
W30x148 14.6 49,400 93.6 77.3 239 86.8 250
132 9.72 42,100 106 77.3 204 74.0 219
124 7.99 38,600 112 76.9 188 68.8 204
116 6.43 34,900 119 76.5 171 62.8 189
108 4.99 30,900 127 76.1 152 56.1 173
99 3.77 26,800 136 75.7 133 49.5 156
90 2.92 24,000 146 75.0 119 45.0 142
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W27x539 499 440,000 47.8 111 1,490 342 940
448 297 336,000 541 106 1,190 283 766
368 169 254,000 62.4 102 930 231 620
307 101 199,000 71.4 99.4 750 192 511
258 61.0 159,000 82.2 98.2 613 161 424
235 46.3 140,000 88.5 96.0 548 146 384
217 37.0 128,000 94.6 95.0 503 135 354
194 26.5 111,000 104 93.9 442 120 314
178 19.5 98,300 114 93.7 393 107 284
161 14.7 87,300 124 929 352 96.6 256
146 10.9 77,200 135 92.2 314 87.0 231
W27x129 1.2 32,500 86.7 66.4 183 69.5 197
114 7.33 27,600 98.7 66.4 155 59.2 171
102 5.29 24,000 108 65.7 137 52.7 153
94 4.03 21,300 117 65.4 122 47.3 139
84 2.81 17,900 128 64.9 103 40.6 122
W24x492 456 283,000 40.1 92.1 1,150 281 774
408 271 214,000 45.2 88.1 909 233 626
335 154 160,000 51.9 84.6 709 189 509
279 91.7 125,000 59.4 82.0 570 157 418
250 67.3 108,000 64.5 80.6 502 141 372
229 51.8 95,800 69.2 79.6 451 128 338
207 38.6 83,900 75.0 . 785 401 116 303
192 31.0 76,200 79.8 77.7 367 107 280
176 241 68,400 85.7 77.0 333 97.8 255
162 18.5 62,600 93.6 77.0 304 89.4 234
146 134 54,600 103 76.3 268 79.5 209
131 9.50 47,100 113 75.6 233 69.7 185
117 6.72 40,800 125 74.9 204 61.5 164
104 4.72 35,200 139 74.3 178 541 144
W24x103 7.10 16,600 77.8 53.0 117 49.4 140
94 5.26 15,000 85.9 53.1 105 44.4 127
84 3.70 12,800 94.6 52.6 91.3 39.0 112
76 2.68 11,100 104 52.2 79.8 34.4 100
68 1.87 9,430 114 51.9 68.0 29.5 88.3
W24x62 1.71 4,620 83.6 40.7 423 23.2 76.6
55 1.18 3,870 92.2 40.4 35.7 19.8 67.1
W21x201 41.3 61,800 62.2 67.0 345 102 265
182 31.1 54,300 67.2 66.0 307 92.3 238
166 23.9 48,500 72.5 65.6 277 84.4 216
147 15.4 41,100 83.1 65.4 235 71.4 187
132 1.3 36,000 90.8 64.7 208 64.0 167
122 8.98 32,700 97.1 64.2 191 59.2 154
M 6.83 29,200 105 63.7 172 53.7 139
101 5.21 26,200 114 63.2 155 49.0 127
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W21x93 6.03 9,940 65.3 43.6 85.3 38.2 110
83 4.34 8,630 71.8 43.0 75.0 342 98.0
73 3.02 7,410 79.7 42.5 65.2 30.3 86.2
68 2.45 6,760 84.5 42.3 59.9 28.0 79.9
62 1.83 5,960 91.8 42.0 53.2 25.1 72.2
W21x57 1.77 3,190 68.3 334 35.6 20.9 64.3
50 1.14 2,570 76.4 33.1 28.9 17.2 55.0
44 0.77 2,110 84.2 328 24.0 14.5 477

W18x311 177 75,700 33.3 59.0 483 141 376

283 135 65,600 35.5 57.5 427 127 338

258 104 57,400 37.8 56.4 382 116 306

234 79.7 49,900 40.3 55.2 339 105 274

211 59.3 43,200 43.4 542 299 94.3 245

192 452 37,900 46.6 53.3 267 85.7 221

175 34.2 33,200 50.1 52.5 237 77.2 199

158 25.4 28,900 54.3 51.6 210 69.4 178

143 194 25,700 58.6 51.0 189 63.2 161

130 14.7 22,700 63.2 50.4 169 571 145

Wi18x119 10.6 20,300 70.4 50.4 151 50.6 131

106 7.48 17,400 77.6 49.8 131 446 115

97 5.86 15,800 83.6 49.4 120 4.2 105
86 4.10 13,600 92.7 48.9 104 36.3 92.8
76 2.83 11,700 103 48.4 90.7 319 81.4
W18x71 3.48 4,700 59.1 337 52.1 25.8 727
65 2.73 4,240 63.4 334 47.5 23.8 66.6
60 217 3,850 67.8 33.1 43.5 221 61.4
55 1.66 3,430 73.1 329 39.0 19.9 55.9
50 1.24 3,040 79.7 32.6 34.9 18.0 50.4
W18x46 1.22 1,710 60.2 26.4 24.2 15.3 45.3
40 0.81 1,440 67.8 26.1 20.6 13.3 39.2
35 0.51 1,140 76.1 25.9 16.5 10.7 33.2
W16x100 7.73 11,900 . 63.1 417 107 39.0 99.0
89 545 10,200 69.6 411 93.3 344 87.3
77 3.57 8,590 78.9 40.6 79.3 29.7 75.0
67 2.39 7,300 88.9 40.1 68.2 259 64.9
W16x57 2.22 2,660 55.7 28.0 35.6 19.0 52.6
50 1.52 2,270 62.2 27.6 30.8 16.7 46.0
45 1.11 1,990 68.1 27.4 27.2 15.0 411
40 0.79 1,730 75.3 2741 239 13.4 36.5
36 0.54 1,460 83.7 26.9 20.2 1.4 32.0
W16x31 0.46 739 64.5 21.3 13.0 917 27.0
26 0.26 565 75.0 21.1 10.0 7.20 22.1
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W14x808 1,860 433,000 24.6 82.2 1,950 337 916

730 1,450 362,000 254 78.3 1,720 319 831

665 1,120 305,000 26.6 75.5 1,510 287 740

605 870 258,000 27.7 73.0 1,320 259 660

550 670 219,000 29.1 70.6 1,160 233 588

500 514 187,000 30.7 68.5 1,020 209 524

455 395 160,000 324 66.5 899 189 468

W14x426 331 144,000 33.6 65.3 827 176 434

398 273 129,000 35.0 64.1 756 163 401

370 222 116,000 36.8 62.9 689 151 368

342 178 103,000 38.7 61.6 623 138 336

311 136 89,100 41.2 60.3 553 125 301

283 104 77,700 44.0 59.1 493 113 271

257 791 67,800 471 57.9 438 102 243

233 59.5 59,000 50.7 56.9 389 91.7 218

21 44.6 51,500 54.7 55.9 345 82.3 195

193 34.8 45,900 58.4 55.1 312 75.4 177

176 26.5 40,500 62.9 54.4 279 68.0 160

159 19.8 35,600 68.2 53.7 248 61.3 143

145 15.2 31,700 73.5 53.0 224 55.8 130

W14x132 12.3 25,500 73.3 50.2 190 49.9 117

120 9.37 22,700 79.2 49.7 171 45.3 106
109 712 20,200 85.7 491 154 41.2 95.9
99 5.37 18,000 93.2 48.7 138 37.2 86.6
90 4.06 16,000 101 48.3 125 33.7 78.3
W14x82 5.08 6,710 58.5 34.1 73.8 28.1 69.3
74 3.88 5,990 63.2 33.7 66.6 25.7 62.8
68 3.02 5,380 67.9 33.4 60.4 23.5 57.3
61 2.20 4,710 74.5 33.1 53.3 21.0 51.1
W14x53 1.94 2,540 58.2 26.7 35.5 17.3 43.6
48 1.46 2,240 63.0 26.5 31.6 15.6 39.2
43 1.05 1,950 69.3 26.2 27.8 13.9 34.8
W14x38 0.80 1,230 63.1 23.0 20.0 1.5 30.7
34 0.57 1,070 69.7 22.8 17.5 10.2 27.3
30 0.38 887 77.7 22.6 14.7 8.59 23.6
W14x26 0.36 405 54.0 16.9 8.94 6.98 20.1
22 0.21 314 62.2 16.8 7.02 5.58 16.6
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W12x336 243 57,000 24.6 46.4 459 119 301
305 185 48,600 26.1 45.0 403 107 269
279 143 42,000 27.6 44.0 357 96.3 241
252 108 35,800 29.3 42.8 313 86.4 214
230 83.8 31,200 31.0 41.8 279 78.4 193
210 64.7 27,200 33.0 41.0 249 711 174
190 48.8 23,600 354 40.1 220 64.1 156
170 35.6 20,100 38.2 39.2 192 56.9 137
152 25.8 17,200 415 38.4 168 50.4 121
136 18.5 14,700 454 37.7 146 445 107
120 12.9 12,400 49.9 37.0 126 38.9 83.2
106 9.13 10,700 55.1 36.4 110 34.6 81.9
96 6.86 9,410 59.6 35.9 98.2 313 73.6
87 5.10 8,270 64.8 35.5 87.2 28.0 66.0
79 3.84 7,330 70.3 35.2 78.1 253 59.5
72 2.93 6,540 76.0 34.9 70.3 229 53.9
65 2.18 5,780 82.9 34.5 62.7 20.6 48.4
W12x58 2.10 3,570 66.3 28.9 46.3 18.2 43.2
53 1.58 3,160 72.0 28.7 41.2 16.3 39.0
W12x50 1.78 1,880 52.3 23.3 30.2 14.7 36.2
45 1.31 1,650 571 23.1 26.7 13.1 32.4
40 0.95 1,440 62.6 22.9 23.6 11.8 28.8
W12x35 0.74 879 55.5 19.6 16.8 9.86 25.6
30 0.46 720 63.7 194 13.9 8.30 21.6
26 0.30 607 72.4 19.2 11.8 7.15 18.6
Wi2x22 0.29 164 38.3 12.0 5.13 4.87 14.7
19 0.18 131 43.4 1.8 4.14 4.01 12.4
16 0.10 96.9 50.1 11.7 3.09 3.04 10.0
14 0.07 80.4 54.5 11.6 2.59 2.59 8.72
W10x112 15.1 6,020 32.1 26.3 85.7 30.8 73.7
100 10.9 5,150 35.0 25.8 74.7 27.2 64.9
88 7.53 4,330 38.6 25.3 64.2 23.8 56.4
77 5.1 3,630 429 24.8 54.9 20.7 48.8
68 3.56 3,100 47.5 24.4 47.6 18.1 42.6
60 2.48 2,640 52.5 24.0 41.2 15.9 37.3
54 1.82 2,320 57.5 23.8 36.6 143 33.3
49 1.39 2,070 62.1 23.6 33.0 13.0 30.2
W10x45 1.51 1,200 454 19.0 23.6 11.5 27.5
39 0.98 992 51.2 18.7 19.8 9.77 23.4
33 0.58 790 59.4 18.5 16.0 7.98 194
W10x30 0.62 414 41.6 14.5 10.7 7.09 18.3
26 0.40 345 47.3 14.3 9.05 6.08 15.6
22 0.24 275 54.5 141 7.30 495 13.0
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W10x19 0.23 104 34.2 9.89 3.93 3.76 10.8
17 0.16 85.1 37.1 9.80 3.24 3.13 9.33
15 0.10 68.3 421 9.72 2.62 2.56 8.00
12 0.05 50.9 51.3 9.56 1.99 2.00 6.32
W8x67 5.06 1,440 271 16.7 323 14.7 35.1
58 3.34 1,180 30.2 16.3 27.2 12.5 29.9
48 1.96 931 35.1 15.8 22.0 10.4 245
40 1.12 726 41.0 15.5 17.5 8.42 19.9
35 0.77 619 45.6 15.3 15.2 7.39 17.3
31 0.54 530 50.4 15.1 13.1 6.46 15.2
ws8x28 0.54 312 38.7 12.4 9.43 5.64 13.6
24 0.35 259 43.8 12.2 7.94 4.83 11.6
wax21 0.28 152 37.5 10.4 5.47 4.03 10.2
18 0.17 122 43.1 10.3 4.44 3.31 8.52
w8ax15 0.14 51.8 31.0 7.82 2.47 2.39 6.78
13 0.09 40.8 34.3 7.74 1.97 1.93 5.70
10 0.04 30.9 447 7.57 1.53 1.56 4.43
W6x25 0.46 150 29.1 9.01 6.23 3.92 9.46
20 0.24 113 34.9 8.78 4.82 3.10 7.45
15 0.10 76.5 44.5 8.58 3.34 2.18 5.39
W6x16 0.22 38.2 21.2 5.92 242 2.28 5.84
12 0.09 247 26.7 5.75 1.61 1.55 4,15
9 0.04 17.7 33.8 5.60 1.19 1.19 3.12
W5x19 0.31 50.8 20.6 5.94 3.21 2.44 5.81
16 0.19 40.6 23.5 5.81 2.62 2.02 4.82
W4x13 0.15 14.0 15.5 3.87 1.36 1.27 3.14
M12x11.8 0.05 37.2 43.9 9.02 1.56 1.98 7.14
10.8 0.04 33.8 46.8 9.01 1.45 1.86 6.58
M10x9 0.03 15.7 36.8 6.59 0.91 1.32 4.60
8 0.02 13.8 42.3 6.57 0.80 1.18 4.06
M8x6.5 0.02 5.45 26.6 4.45 0.48 0.82 2.72
M5x18.9 0.34 41.3 17.7 5.73 2.98 2.28 5.53
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S24x121 12.8 11,400 48.0 471 103 471 154
106 101 10,600 52.1 46.1 98.8 471 141
S$24x100 7.58 6,380 48.7 41.9 66.0 335 121
90 6.04 6,000 50.7 412 63.8 335 112
80 4.88 5,640 54.7 40.5 61.6 335 103
S20x96 8.39 4,710 38.1 34.9 57.8 29.2 99.7
86 6.64 4,390 41.4 34.2 55.5 29.2 92.5
S20x75 4.59 2,750 39.4 30.7 38.9 22.6 77.0
66 3.58 2,550 42.9 30.0 37.3 22.6 70.5
S$18x70 4.15 1,800 33.5 27.0 29.2 171 63.0
54.7 2.37 1,560 41.3 26.0 26.9 171 52.9
S15x50 212 811 31.5 20.3 17.8 11.8 39.0
429 1.54 744 35.4 19.8 16.9- 11.8 35.1
S12x50 2.82 505 21.5 15.5 14.0 9.30 31.0
40.8 1.75 437 254 14.9 12.9 9.30 26.9
S12x35 1.08 324 27.9 14.5 10.0 7.48 22.7
318 0.90 307 29.7 14.3 9.74 7.48 21.3
S$10x35 1.29 189 19.5 11.8 713 5.24 17.9
25.4 0.60 163 25.7 11.1 6.34 5.24 14.4
S8x23 0.55 61.8 171 7.90 3.50 3.10 9.74
18.4 0.34 53.5 20.2 7.58 3.22 3.10 8.38
S$6x17.25 0.37 18.4 11.3 5.03 1.61 1.63 5.35
12.5 0.17 145 149 4.70 1.41 1.63 4.30
S5x10 0.1 6.66 12.3 3.51 0.86 111 2.88
S$4x9.5 0.12 3.10 8.18 2.59 0.53 0.70 2.05
7.7 0.07 2.62 9.84 247 0.48 0.70 1.79
S3x7.5 0.09 1.10 5.63 1.72 0.28 0.40 1.20
5.7 0.04 0.85 7.42 1.60 0.24 0.40 1.00
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HP14x117 8.02 19,900 80.2 49.9 149 38.5 97.2
102 5.40 16,800 89.8 49.2 128 33.5 84.3
89 3.60 14,200 101 485 110 291 72.9
73 2.01 11,200 120 47.8 88.0 23.8 59.2
HP12x84 4.24 7,160 66.1 35.6 75.0 23.5 59.8
74 2.98 6,170 73.2 35.2 65.5 20.8 52.7
63 1.83 4,990 84.0 34.6 54.1 17.5 44.2
53 1.12 4,090 97.2 34.2 447 14.7 37.0
HP10x57 1.97 2,240 54.3 241 348 13.1 33.2
42 0.81 1,540 70.2 234 247 9.64 24.2
HP8x36 0.77 578 441 154 14.0 6.62 16.8
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C15x50 2.67 492 21.8 17.3 6.75 13.6 11.6 5.78 0.941 144 34.5

40 1.46 411 27.0 16.0 7.37 1.6 9.17 4.58 1.03 14.4 29.0

33.9 1.02 358 30.1 15.1 7.86 10.3 7.52 3.76 1.10 14.4 25.6

C12x30 0.87 151 21.2 1.7 5.02 6.01 4.91 2.45 0.873 7.83 17.0

25 0.54 130 25.0 1.0 5.40 5.28 4.00 2.00 0.940 7.83 14.8

20.7 0.37 12 28.0 10.3 5.81 4.61 3.14 1.57 1.01 7.83 12.9

C10x30 1.23 79.3 129 9.52 3.37 413 3.61 1.82 0.706 5.03 13.4

25 0.69 68.4 16.0 8.92 3.62 3.63 3.03 1.52 0.757 5.03 11.6
20 0.37 56.9 20.0 8.24 3.95 3.09 2.38 1.20 0.827 5.03 9.77
15.3 0.21 45.6 23.7 7.48 4.38 2.55 1.68 0.84 0.916 5.03 8.03
C9x20 0.43 39.4 15.4 7.23 3.17 2.52 2.03 1.02 0.739 3.99 8.55
15 0.21 31.0 19.6 6.52 3.54 2.04 1.44 0.73 0.825 3.99 6.88
134 0.17 28.2 20.7 6.26 3.69 1.88 1.23 0.62 0.860 3.99 6.35
C8x18.75 0.44 25.1 12.2 6.12 2.57 1.92 1.58 0.79 0.675 3.1 7.00
13.75 0.19 19.2 16.2 5.46 2.87 1.53 1.11 0.55 0.756 3.1 553
11.5 0.13 16.5 18.1 5.11 3.07 1.34 0.86 0.43 0.807 3.1 4.87
C7x12.25 0.16 1.2 13.5 4.45 2.31 1.09 0.80 0.40 0.695 2.35 427
9.8 0.10 9.18 15.4 4.09 249 0.92 0.58 0.29 0.752 2.35 3.63
C6x13 0.24 7.22 8.83 3.79 1.69 0.87 0.70 0.35 0.599 1.72 3.69
10.5 0.13 5.95 10.9 3.49 1.82 0.74 0.54 0.27 0.643 1.72 3.13
8.2 0.08 4.72 12.4 3.17 1.98 0.61 0.37 0.19 0.699 1.72 2.62
C5x9 0.11 2.93 8.30 2.65 1.38 0.48 0.35 0.17 0.590 1.21 2.22
6.7 0.06 222 9.79 2.36 1.51 0.38 0.22 0.11 0.647 1.21 1.80
C4ax7.25 0.08 1.24 6.34 1.88 1.01 0.28 0.20 0.10 0.547 0.80 1.44
5.4 0.04 0.92 7.72 1.66 1.10 0.22 0.12 0.06 0.594 0.80 1.16
C3x6 0.07 0.46 4.12 1.25 0.68 0.16 0.1 0.06 0.500 0.48 0.77
5 0.04 0.38 4,96 1.16 0.71 0.13 0.08 0.04 0.521 0.48 0.77
41 0.03 0.31 5.17 1.06 0.74 0.11 0.06 0.03 0.546 0.48 0.67
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MC18x58 2.81 1,070 314 244 9.08 21.4 18.4 9.21 1.05 19.7 48.0
51.9 2.03 986 35.5 235 9.53 19.8 16.6 8.27 1.10 19.7 44.0
45.8 1.45 897 40.0 22.5 10.1 18.2 14.6 7.29 1.16 19.7 39.9
427 1.28 852 424 22.0 10.4 17.4 13.5 6.75 1.19 19.7 37.9
MC13x50 2.98 558 22.0 17.4 7.49 14.9 12.2 6.09 1.21 14.0 30.6
40 1.57 463 27.6 16.1 8.12 12.7 9.48 4.60 1.31 14.0 25.8
35 1.14 413 30.6 15.3 8.57 1.5 7.86 4.00 1.38 14.0 23.4
31.8 0.94 380 32.4 14.8 8.84 10.7 6.90 3.37 1.43 14.0 21.9
MC12x50 3.24 411 18.1 14.5 6.55 12.9 10.3 5.14 1.16 13.3 28.4
45 2.35 374 20.3 13.9 6.78 11.9 9.08 4.56 1.20 13.3 26.1
40 1.70 336 22.6 13.3 7.05 109 7.83 3.92 1.25 13.3 239
35 1.25 297 24.8 12.6 7.36 9.83 6.47 3.24 1.30 13.3 21.7
31 1.01 268 26.2 12.0 7.71 8.89 5.20 2.86 1.37 13.3 21.6
MC12x10.6 0.06 11.7 22.5 6.00 2.22 0.95 0.82 0.41 0.379 2.61 6.36
MC10x41.1 2.27 270 17.5 125 5.95 9.59 7.44 3.72 1.26 9.86 19.8
33.6 1.21 224 21.9 11.6 6.35 8.23 5.77 2.83 1.35 9.86 17.0
28.5 0.79 194 25.2 10.9 6.70 7.26 4.52 2.19 1.42 9.86 15.2
MC10x25 0.64 125 225 9.40 5.75 5.39 3.38 1.77 1.22 7.66 13.0
22 0.51 111 23.7 8.93 6.01 4.87 2.66 1.44 1.28 7.66 1.7
MC10x8.4 0.04 7.01 21.3 4.85 2.03 0.68 0.56 0.28 0.417 1.99 4.32
MC9x25.4 0.69 104 19.8 8.72 5.12 4.95 3.25 1.62 1.21 7.34 11.9
239 0.60 98.2 20.6 8.49 5.24 4.69 2.91 1.52 1.24 7.34 1.4
MC8x22.8 0.57 75.3 18.5 7.61 4.68 4.06 2.52 1.22 1.25 6.23 9.65
21.4 0.50 70.9 19.2 7.42 4.77 3.87 2.26 1.08 1.28 6.23 9.23
20 0.44 47.9 16.8 6.68 3.91 2.98 1.96 0.98 1.04 5.10 8.30
18.7 0.38 451 17.5 6.51 4.00 2.83 1.76 0.88 1.07 5.10 7.93
MC7x22.7 0.63 58.5 15.5 6.79 4.10 3.55 2.26 1.10 1.26 5.19 8.27
19.1 0.41 49.4 17.7 6.34 4.31 3.09 1.66 0.80 1.33 5.19 7.35
MC6x18 0.38 34.6 154 5.40 3.76 2.51 1.29 0.67 1.36 4.22 5.92
MC6x16.3 0.34 221 13.0 4.68 3.09 1.88 1.07 0.53 3.56 5.25
15.1 0.29 20.6 13.6 4.54 3.15 1.77 0.92 0.46 3.56 4.98
MC6x12 0.15 11.2 13.9 4.1 2.48 1.13 0.72 0.36 0.880 2.38 3.78
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WT-, MT-, and ST-Shapes

WT-, MT-, and ST-Shapes

Torsional Properties

Torsional Properties

J Cw a J Cw a

Shape in4 in8 in. Shape in4 in. in.

WT22x167.5 37.2 434 5.50 WT16.5x177 57.2 468 4.60

145 25.7 279 5.30 159 421 335 4.54

131 18.9 204 5.29 145.5 324 256 4.52

115 124 139 5.39 131.5 242 188 448

120.5 179 146 4.60

WT20x296.5 223 2,340 5.21 110.5 13.7 113 4.62

251.5 140 1,420 5.12 100.5 10.2 84.9 4.64
21565 88.5 881 5.08

186 58.2 559 4.99 WT16.5x84.5 8.83 55.4 4.03

160.5 37.7 350 4.90 76 6.16 43.0 4.25

148.5 30.6 279 4.86 70.5 4.84 35.4 4.35

138.5 25.8 218 4.68 65 3.67 29.3 4.55

124.5 19.1 158 4.63 59 2.64 23.4 4.79
107.5 124 101 4.59

998.5 9.14 83.5 4.86 WT15x238.5 151 1,170 4.48

87 5.60 65.3 5.49 195.5 85.9 636 4.38

163 50.8 361 4.29

WT20x233 139 1,360 5.03 146 37.2 257 4.23

196 86.1 802 4.1 130.5 26.7 184 4.22

165.5 53.0 485 487 117.5 19.9 132 4.14

139 324 278 4.7 105.5 139 96.4 4.24

132 28.0 233 4.64 95.5 10.3 71.2 4.23

1175 20.6 156 443 86.5 7.61 53.0 4.25
105.5 156.2 113 4.39

91.5 10.0 721 4.32 WT15x74 7.27 37.6 3.66

83.5 7.01 62.9 4.82 66 4.85 28.5 3.90

74.5 4.68 51.9 5.36 62 3.98 23.9 3.94

58 3.21 20.5 4.07

WT18x424 622 6,880 5.35 54 2.49 17.3 4.24

399 527 5,700 5.29 49.5 1.88 14.3 4.44

325 295 3,010 5.14 45 1.42 10.5 4.38
263.5 163 1,570 4.99

2195 96.7 894 489 WT13.5x269.5 245 1,740 4.29

196.5 70.7 637 483 224 146 977 4.16

179.5 54.3 480 478 184 83.6 532 4.06

164 421 363 473 153.5 49.8 304 3.98

150 32.0 278 4.74 129 30.2 178 3.91

140 26.2 226 473 117.5 23.0 135 3.90

130 20.7 181 4.76 108.5 18.5 105 3.83

122.5 17.3 151 4.75 97 13.2 74.3 3.82

115 14.3 125 4.76 89 9.74 57.7 3.92

80.5 7.31 427 3.89

WT18x128 26.6 205 4.47 73 5.44 31.7 3.88
116 19.8 151 4.44

105 13.9 119 4.71 WT13.5x64.5 5.60 24.0 3.33

97 1.1 92.7 4.65 57 3.65 17.5 3.52

91 9.19 77.6 4.68 51 2.64 12.6 3.52

85 7.51 63.2 4.67 47 2.01 10.2 3.62

80 6.17 53.6 4.74 42 1.40 7.79 3.80
75 5.04 46.0 486
67.5 3.48 37.3 5.27
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WT-, MT-, and ST-Shapes

Torsional Properties

J Cw a
Shape in.? in.® in.
WT12x246 223 1,340 3.94
204 133 748 3.82
167.5 76.0 405 3.7
139.5 453 230 3.63
125 333 165 3.58
1145 25.7 125 3.55
103.5 191 91.3 3.52
96 154 72.5 3.49
88 12.0 55.8 347
81 9.22 43.8 3.51
73 6.70 319 3.51
65.5 4.74 231 3.55
58.5 3.35 16.4 3.56
52 2.35 11.6 3.58
WT12x51.5 3.54 12.3 3.00
47 2.62 9.57 3.08
42 1.84 6.90 3.12
38 1.34 5.30 3.20
34 0.932 4.08 3.37
WT12x31 0.850 3.92 3.46
275 0.588 2.93 3.59
WT10.5x100.5 20.6 854 3.28
91 15.4 63.0 3.25
83 11.9 47.3 3.21
73.5 7.69 32.5 3.31
66 5.62 234 3.28
61 447 18.4 3.26
55.5 3.40 13.8 3.24
50.5 2.60 104 3.22
WT10.5x46.5 3.01 9.33 2.83
41.5 2.16 6.50 2.79
36.5 1.51 4.42 2.75
34 1.22 3.62 2.77
31 0.513 2.78 3.75
WT10.5x28.5 0.884 2.50 2.7
25 0.570 1.89 2.93
22 0.383 1.40 3.08
WT9x155.5 87.2 339 3.17
141.5 66.5 251 3.13
129 51.5 189 3.08
17 39.4 140 3.03
105.5 294 102 3.00
96 22.4 75.7 2.96
87.5 17.0 56.5 2.93
79 12.6 412 2
715 9.70 30.7 2.86
65 7.30 22.8 2.84
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WT-, MT-, and ST-Shapes

Torsional Properties

J Cw a

Shape in. in.§ in.
WT9x59.5 5.30 174 2.92
53 3.73 121 2.90
48.5 292 9.29 2.87
43 2.04 6.42 2.85
38 1.41 4.37 2.83
WT9x35.5 1.74 3.96 243
32.5 1.36 3.01 2.39
30 1.08 2.35 2,37
275 0.829 1.84 2.40
25 0.613 1.36 240
WT9x23 0.609 1.20 2.26
20 ~0.403 0.79 2.25
17.5 0.252 0.60 2.48
WT8x50 3.85 104 2.64
445 2.72 719 2.62
38.5 1.78 4.61 2.59
335 1.19 3.01 2.56
WT8x28.5 1.10 1.99 2.16
25 0.760 1.34 2.14
22.5 0.655 0.97 1.96
20 0.396 0.67 2.09
18 0.271 0.52 2.23
WT8x15.5 0.229 0.37 2.05
13 0.130 0.24 2.19
WT7x404 918 6,970 4.43
365 714 5,250 4.36
3325 555 3,920 4.28
302.5 430 2,930 4.20
275 331 2,180 4.13
250 255 1,620 4.06
2275 196 1,210 4.00
WT7x213 164 991 3.96
199 135 801 3.92
185 110 640 3.88
171 88.3 502 3.84
155.5 67.5 375 3.79
1415 51.8 281 3.75
128.5 39.3 209 3.71
116.5 29.6 154 3.67
105.5 222 113 3.63

96.5 17.3 87.2 3.61
88 13.2 65.2 3.58
79.5 9.84 47.9 3.55
725 7.56 36.3 3.53
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WT-, MT-, and ST-Shapes

WT-, MT-, and ST-Shapes

Torsional Properties

Torsional Properties

J Cw a J Cw a
Shape in? in.6 in. Shape in. in.8 in.
WT7x66 6.13 26.6 3.35 WT5x56 7.50 16.9 242
60 4.67 20.0 3.33 50 541 1.9 2.39
54.5 3.55 15.0 3.31 44 3.75 8.02 2.35
49.5 2.68 1.1 3.27 38.5 2.55 5.31 2.32
45 2.03 8.31 3.26 34 1.78 3.62 2.29
30 1.23 2.46 2.28
WT7x41 2.53 5.63 2.40 27 0.909 1.78 2.25
37 1.94 4.19 2.36 24.5 0.693 1.33 2.23
34 1.51 3.21 2.35
30.5 1.10 2.29 2.32 WT5x22.5 0.753 0.98 1.84
19.5 0.487 0.62 1.82
WT7x26.5 0.970 1.46 1.97 16.5 0.291 0.36 1.79
24 0.726 1.07 1.95
21.5 0.524 0.75 1.93 WT5x15 0.310 0.27 1.50
13 0.201 0.17 1.48
WT7x19 0.398 0.55 1.89 1 0.119 0.11 1.55
17 0.284 0.40 1.91
15 0.190 0.29 1.99 WT5x9.5 0.116 0.08 1.34
8.5 0.078 0.06 1.41
WT7x13 0.179 0.21 1.74 75 0.052 0.05 1.58
1 0.104 0.13 1.80 6 0.027 0.03 1.70
WT6x168 120 481 3.22 WT4x33.5 252 3.56 1.91
152.5 92.0 356 3.17 29 1.66 2.28 1.89
139.5 709 267 3.12 24 0.979 1.30 1.85
126 53.5 195 3.07 20 0.559 0.72 1.83
115 41.6 148 3.04 17.5 0.385 0.48 1.80
105 322 112 3.00 15.5 0.268 0.33 1.79
95 24.4 82.1 2.95
85 17.7 58.3 2.92 WT4x14 0.268 0.23 1.49
76 12.8 41.3 2.89 12 0.173 0.14 1.45
68 9.22 28.9 2.85
60 6.43 19.7 2.82 WT4x10.5 0.141 0.09 1.29
53 455 13.6 2.78 9 0.086 0.06 1.34
48 3.42 10.1 277
43.5 2.54 7.34 2.74 WT4x7.5 0.068 0.04 1.23
39.5 1.92 5.43 271 6.5 0.043 0.03 1.34
36 1.46 4.07 2.69 5 0.021 0.01 111
32.5 1.09 297 2.66
WT3x12.5 0.229 0.17 1.39
WT6x29 1.05 2.08 2.26 10 0.120 0.09 1.39
26.5 0.788 1.53 2.24 75 0.050 0.03 1.25
WT6x25 0.889 1.23 1.89 WT3x8 0.111 0.04 0.966
22.5 0.656 0.89 1.87 6 0.045 0.02 1.07
20 0.476 0.62 1.84 4.5 0.020 0.01 1.14
WT6x17.5 0.369 0.44 1.76 WT2.5x9.5 0.154 0.08 1.16
15 0.228 0.27 1.75 8 0.093 0.05 1.18
13 0.150 0.17 1.71
WT2x6.5 0.075 0.02 0.831
WTex11 0.146 0.14 1.58
9.5 0.090 0.09 1.61
8 0.051 0.07 1.89
7 0.035 0.05 1.92
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WT-, MT-, and ST-Shapes

Torsional Properties

J Cw a
Shape in#4 in.8 in.
MT6x5.9 0.031 0.03 1.58
5.4 0.020 0.03 1.97
MT5x4.5 0.021 0.01 1.1
4 0.012 0.01 1.47
MT4x3.25 0.015 — —
MT2.5x9.45 0.165 0.07 1.05
ST12x60.5 6.38 27.5 3.34
53 5.04 15.0 2.78
ST12x50 3.76 19.5 3.66
45 3.01 121 3.23
40 243 6.94 272
ST10x48 4.15 15.0 3.06
43 3.30 9.17 2.68
ST10x37.5 2.28 7.21 2.86
33 1.78 4.02 242
ST9x35 2.05 7.03 2.98
27.35 1.18 2.26 2.23
ST7.5x25 1.05 2.02 2.23
21.45 0.767 1.00 1.84
ST6x25 1.39 1.97 1.92
20.4 0.872 0.79 1.53
ST6x17.5 0.538 0.56 1.64
15.9 0.449 0.36 1.44
ST5x17.5 0.633 0.73 1.73
12.7 0.300 0.17 1.21
ST4x11.5 0.271 0.17 1.27
9.2 0.167 0.06 0.965
ST3x8.63 0.182 0.08 1.07
6.25 0.084 0.02 0.785
ST2.5x5 0.057 0.01 0.674
ST2x4.75 0.059 0.01 0.662
3.85 0.036 — —_—
ST1.5x3.75 0.044 —_ —
2.85 0.022 —_ —
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Single Angles Single Angles
Torsional Properties Torsional Properties
J Cw a J Cw a
Shape in.? in.® in. Shape in.? in.® in.
L8x8x114 7.13 325 3.44 L5x5x7/g 2.07 3.53 2.10
1 5.08 23.4 3.45 3 1.33 2.32 2.13
) 3.46 16.1 3.47 S48 0.792 1.40 2.14
Y 2.21 10.4 3.49 Yo 0.417 0.74 2.14
E7) 1.30 6.16 3.50 T 0.284 0.51 2.16
%6 0.960 455 3.50 34 0.183 0.33 2.16
1% 0.682 3.23 3.50 %6 0.108 0.19 213
L8x6x1 4.35 16.3 3.1 L5x31Vox¥4 1.11 1.52 1.88
8 2.96 11.3 3.14 S48 0.660 0.92 1.90
34 1.90 7.28 3.15 o 0.348 0.49 1.91
% 1.12 4.33 3.16 34 0.153 0.22 1.93
Y6 0.822 3.20 3.17 e 0.091 0.13 1.92
1o 0.584 2.28 3.18 Va 0.048 0.07 1.94
e 0.396 1.55 3.18
L5x3x 1% 0.322 0.44 1.88
L8x4x1 3.68 12.9 3.01 16 0.219 0.30 1.88
78 2.48 8.89 3.05 E7 0.141 0.20 1.92
Yy 1.61 5.75 3.04 %6 0.083 0.12 1.93
E7) 0.933 3.42 3.08 Va 0.044 0.06 1.88
%6 0.704 2.53 3.05
1% 0.501 1.80 3.05 L4x4x¥s 1.02 1.12 1.69
e 0.328 1.22 3.10 % 0.610 0.68 1.70
o 0.322 0.37 1.72
L7x4x¥4 1.47 3.97 2.64 e 0.219 0.25 1.72
% 0.873 2.37 2.65 3 0.141 0.16 1.71
Vo 0.459 1.25 2.66 %6 0.083 0.10 1.77
e 0.300 0.85 2.71 Vs 0.044 0.05 1.72
£7) 0.200 0.54 2.64
L4x3Vox1o 0.301 0.30 1.61
Léx6x1 3.68 9.24 2.55 EZ) 0.132 0.13 1.60
7 2.51 6.41 257 %6 0.078 0.08 1.63
Y4 1.61 4.17 2.59 Ya 0.041 0.04 1.59
% 0.954 2.50 2.60
Y6 0.704 1.85 2.61 L4x3x54 0.529 0.47 1.52
o 0.501 1.32 2.61 1o 0.281 0.26 1.55
e 0.340 0.90 2.62 e 0.192 0.18 1.56
38 0.218 0.58 2.62 K7 0.123 0.1 1.52
%6 0.129 0.34 2.61 %6 0.073 0.07 1.58
Ya 0.039 0.04 1.63
L6x4x7g 2.07 4.04 2.25
Y 1.33 2.64 2.27 L31ox31oxle 0.281 0.24 1.49
% 0.792 1.59 2.28 e 0.192 0.16 1.47
Y16 0.585 1.18 2.29 34 0.123 0.11 1.52
s 0417 0.84 2.28 %6 0.073 0.06 1.46
e 0.284 0.58 2.30 Va 0.039 0.03 1.41
3 0.183 0.37 2.29
%16 0.108 0.22 2.30 L31ax3xYs 0.260 0.19 1.38
K7 0.114 0.09 1.43
L6x31ox1s 0.396 0.78 2.26 %6 0.068 0.05 1.38
% 0.174 0.34 2.25 Ya 0.036 0.03 1.47
6 0.103 0.20 2.24
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Single Angles

Torsional Properties

J CW a
Shape in4 in.5 in.
L3Vox2loxVo 0.234 0.16 1.33
3 0.103 0.07 1.33
Va 0.032 0.02 1.27
L3x3xVe 0.234 0.14 1.24
16 0.160 0.10 1.27
3 0.103 0.07 1.33
Y6 0.061 0.04 1.30
Va 0.032 0.02 1.27
e 0.014 0.01 1.36
L3x21ox Vo 0.213 0.11 1.16
3 0.094 0.05 1.17
%6 0.056 0.03 1.18
Va 0.030 0.02 1.31
Y16 0.013 0.01 1.41
L3x2xVs 0.192 0.09 1.10
% 0.086 0.04 1.10
%6 0.051 0.02 1.01
Va 0.027 0.01 0.979
BT 0.012 0.01 1.47
L2Vox2VoxVe 0.185 0.08 1.06
% 0.082 0.04 1.12
6 0.048 0.02 1.04
Va 0.025 0.01 1.02
Y6 0.011 0.01 1.53
L2Vox2x34 0.073 0.03 1.03
%6 0.043 0.02 1.10
Va 0.023 0.01 1.06
Y6 0.010 — —
L2x2x34 0.064 0.02 0.900
%16 0.038 0.01 0.825
Va4 0.020 0.01 1.14
Y16 0.009 — —
17 0.003 — —
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Rectangular HSS

Square HSS Square HSS
J J
Shape in.4 Shape in4
TS30x30x%4 16,000 TS6x6x%4 99.5
Yo 85.6
TS28x28x%s 13,000 £z 68.5
e 58.9
TS26x26x¥8 10,400 Va 48.5
Y6 37.5
TS24x24x54 8,100 8 25.7
17 6,570
K7 4,990 TS5Vex5Vox3s 51.9
Y6 44.8
TS22x22x54 6,200 Va4 37.0
Yo 5,030 EZ1 28.6
% 3,830 8 19.7
TS20x20x%48 4,620 TS5x5x Ve 46.8
L2 3,760 35 38.2
Y 2,870 546 33.1
Va 27.4
TS18x18x54 3,340 Y16 21.3
o 2,720 Ve 14.7
3 2,080
TS4VoxdVox3g 271
TS16x16x%4 2,320 %6 23.6
Yo 1,890 Ya 19.7
3% 1,450 e 15.4
e 1,220 17 10.6
TS14x14x54 1,530 TS4x4xVo 21.8
Yo 1,250 % 18.4
% 963 56 16.1
%6 812 Va 13.5
Y16 10.6
TS12x12x84 943 17 7.40
Yo 777
%% 599 TS316x3Vox54¢ 10.4
546 506 Va 8.82
Va 410 EZ0 6.99
Ve 4.90
TS10x10x54 529
Yo 439 TS3x3x846 6.22
% 341 Va 5.35
e 289 Y6 4.28
Va 235 8 3.03
36 179
TS2V6x2Vex54g 3.32
TS8x8x%s 258 Va 2.92
Yo 217 Y6 2.38
% 170 Ve 1.7
%6 145
Va 118 TS2x2x5%¢ 1.49
36 90.6 Va 1.36
Y6 1.15
TS7x7x% 166 Y8 0.846
Yo 141
% 12 TS1Vox1Vox34e 0.431
546 95.6
Va 78.3
Y6 60.2
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J

Shape in.4
TS30x24xVn 9,170
£ 6,960
Y6 5,830
TS28x24x1% 8,280
E7 6,290
e 5,270
TS26x24x15 7,410
£ 5,630
%16 4,720
TS24x22xVn 5,740
3% 4,370
546 3,660
TS22x20x1% 4,350
¥ 3,310
%6 2,780
TS20x18xV% 3,190
E7) 2,440
SZ1 2,050
TS20x12x1% 1,650
3% 1,270
e 1,070
TS20x8x V5 806
K7 625
546 529
TS20x4x V% 205
¥ 165
546 143
TS18x12xV% 1,420
% 1,090
%6 920
TS18x6xV2 410
% 322
%46 274
Va 224
TS16x12xV% 1,200
EZ) 922
%6 777
TS16x8x V% 599
3% 465
546 394
TS16x4xV% 157
3% 127
%46 110
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Rectangular HSS

Rectangular HSS

Rectangular HSS

J
Shape in#
TS14x12x1% 983
% 757
TS14x10x'% 730
K 564
%46 477
TS14x6x%3 352
123 296
£ 233
%46 199
Va 162
TS14x4x% 154
Yo 134
K 108
%6 93.1
17 77.0
Y6 59.7
TS12x10xVe 581
£ 450
%46 381
Va 309
TS12x8x%3 481
o 401
£ 312
Y6 265
a 216
36 165
TS12x6x%3 286
% 241
K 190
%6 162
4 132
Y6 101
TS12x4x5%4 127
Yo 110
K 89.0
%6 76.9
Va 63.6
36 49.3
TS12x3x%46 43.6
V4 36.5
EZT 28.7
TS12x2xV4 15.9
%16 12.8
TS10x8x1% 306
3 239
%6 203
Va 166
Y16 127

J J
Shape in.? Shape in?
TS10x6x1% 187 TS7x5xV2 79.9
K 147 % 64.2
6 126 e 55.3
Va 103 Va 45.6
Y6 79.1 Y6 35.3
Y 242
TS10x5x%3 107
%6 91.5 TS7x4x%3 433
Va 75.2 %6 375
EZT 58.0 Va 31.2
e 24.2
TS10x4xVs 86.9 Vs 16.7
£ 70.4
%6 60.8 TS7x3x%3 251
Va 50.4 Y6 22,0
Y6 39.1 Va 18.5
Y6 14.6
TS10x3x33 39.8 Y8 10.2
%6 349
Va 29.3 TS6x4xVo 421
Yi6 23.0 3 34.6
Y16 30.1
TS10x2x3g 16.5 Va 25.0
e 14.9 EZ1 195
Va 12.8 8 13.5
K21 10.3
TS6x3x Vo 23.9
TS8x6x1% 135 % 20.3
K7 107 %6 17.9
%6 91.3 Va 15.1
Va 74.9 Y16 1.9
Y16 57.6 17 8.27
TS8x4x54 73.2 TS6x2x%8 8.72
o 64.1 %16 7.94
K 52.2 Va 6.88
e 45.2 Y6 5.56
Va 375 17 3.98
Y16 29.1
1z 20.0 TS5x4x¥3 26.3
%6 229
TS8x3xVs 35.7 Va 19.1
3% 29.9 Y16 14.9
%6 26.3
Va 221 TS5x3xVs 18.2
EZT 17.3 £ 15.6
8 121 %6 13.8
Va 1.7
TS8x2x3g 12.6 Y6 9.21
6 1.4 Y 6.44
Va 9.84
Y16 7.94 TS5x2x%6 6.24
8 5.66 Va 5.43
6 4.40
s 3.15
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Rectangular HSS

J
Shape in4
TS4x3x%g 9.89
Va 8.41

Y6 6.67

Ve 4.68
TS4x2x¥3 497
%6 458

Ya 4,01

%16 3.26

2 2.34
TS3x2x%1s 2.97
a 2.63

36 2.16

1) 1.57
TS2Vex1Voxly 1.14

%6 0.976
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Steel Pipe
Nominal J
Diameter inA
in. P PX PXX
o 0.034 0.040 —
¥y 0.074 0.090 —
1 0.175 0.211 —
114 0.389 0.484 —
1% 0.620 0.782 —
2 1.33 1.74 2.62
2o 3.06 3.85 5.74
3 6.03 8.13 12.0
3% 9.58 12.6 —
4 14.5 19.2 30.6
5 30.3 413 67.3
6 56.3 81.0 133
8 145 21 324
10 321 424 —_
12 559 723 —
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Swi

> 1
Wno L_\L] Wz Swo Ll.l Sw2
W Z-shapes
Swe Swo
W 17
Sw1

Torsional Properties Statical Moments
J Cw a Wro Sw1 Qr Qw
Shape in.4 in.® in. in.2 in. in3 in.3
Z24x10.3 0.1 10.3 15.8 3.85 1.70 1.24 0.99
8.2 0.06 8.03 19.4 3.82 1.68 0.97 0.79
23x6.7 0.05 2.72 12.3 2.38 1.15 0.51 0.39
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Appendix B

CASE CHARTS OF TORSIONAL FUNCTIONS

Determine the case based upon the end conditions and type
of loading. For the given cross-section and span length, com-
pute the value of //a using ! in inches and a as given in
Appendix A. With this value, enter the appropriate chart from
the loading. At the desired location along the horizontal scale,
read vertically upward to the appropriate ! /a curve and read
from the vertical scale the value of the torsional function. (For
values of [/ a between curves, use linear interpolation.) This
value should then be divided by the factor indicated by the
group of terms shown in the labels on the curves to obtain the
value of 8, €, 6”, or 8. This result may then be used in
Equation 4.1, 4.2, or 4.3 to determine 1, t,,, or G, .

Sign Convention

In all cases, the torsional moment (7, #) is shown acting in a
counter-clockwise direction when viewed toward the left end
of the member. This is considered to be a positive moment in
this book. Thus, if the applied torsional moment is in the
opposite direction, it should be assigned a negative value for
computational purposes. A positive stress or rotation com-
puted with the equations and torsional constants of this book
acts in the direction shown in the cross-sectional views shown
in Figures 4.1, 4.2, and 4.3. A negative value indicates the
direction is opposite to that shown.
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On some of the Case Charts, the applied torsional moment
is indicated by a vector notation using a line with two arrow-
heads. This notation indicates the "right-hand rule," wherein
the thumb of the right hand is extended and pointed in the
direction of the vector, and the remaining fingers of the right
hand curve in the direction of the moment.

In Figures 4.2 and 4.3, the positive direction of the stresses
is shown for channels and Z-shapes oriented such that the top
flange extended to the left when viewed toward the left end
of the member. For the reverse orientation of these members
with the applied torque remaining in a counterclockwise
direction, the following applies:

, =the positive direction of the stresses in the flanges is
the same as shown in Figures 4.2b and 4.3b. For
example, at the top edge of the top flange, a positive
stress acts from left to right. A positive stress at the
left edge of the web acts downward; a positive stress
at the right edge of the web acts upward.

o, = the positive direction of the stresses at the correspond-
ing points on the reversed section are opposite those
shown in Figures 4.2d and 4.3d. For example, a
positive stress at the tips of the flanges, point o, is a
tensile stress.
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Appendix C
SUPPORTING INFORMATION

C.1 General Equations for 6 and its Derivatives

Following are general equations for 6 for a constant torsional
moment, uniformly distributed torsional moment, and lin-
early varying torsional moment. They are developed from
Equation 2.4 in Section 2.2.

C.1.1 Constant Torsional Moment

For a constant torsional moment T along a portion of the
member as illustrated in Figure C.1a, the following equation
may be developed:

0=A +Bcosh— + Csmh— + a .1
where
z = distance along Z-axis from left support, in.
A, B, C = constants that are determined from boundary

conditions

C. 1.2 Uniformly Distributed Torsional Moment

A member subjected to a uniformly distributed torsional
moment t is illustrated in Figure C.lb. For this case, examine
a small segment of the member of length dz. By summation
of torsional moments:

T+dT+1tdz—T=0 (C2)
or
dT
7 —t (C.3)

Differentiating Equation 2.4 and substituting the above
yields:

—t e” ellll C4
EC.- 7 4
which may be solved as:
2
0=A+Bz+ Ccosh— + Dsmh— - (C5)

2GJ

C.I.3 Linearly Varying Torsional Moment

For a member subjected to a linearly varying torsional mo-
ment as illustrated in Figure C.Ic, again examine a small
element of the member length dz. Summing the torsional
moments:
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T+ dT+£lz—dz— T=0 (C6)
or
ar _ 1z
= C7)

Differentiating Equation 2.4 and substituting the above
yields:
-tz _ 9’
ECl &

_ eIIII (C.8)
which may be solved as:

0=A+Bz+ Ccosh-— + Dsmh; - (C.9

6GJl

C.2. Boundary Conditions

The general equations contain constants that are evaluated for
specific cases by imposing the appropriate boundary condi-
tions. These conditions specify mathematically the physical
restraints at the ends of the member. They are summarized as
follows:

/wﬂ

(a) Concentrated Torsional Moment

e e e e I .
4
Ldz
(b) Uniformily Distributed Torsional Moment
Z
t— t z
o -
— e e e I e TadT
z
(o) Linearly Varying Torsional Moment

Figure C.1.
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Physical Torsional End  Mathematical
Condition Condition Condition
No rotation Fixed or Pinned 0=0
Cross-section cannot  Fixed end =0

warp
Cross-section can Pinned or Free 9”=0

warp freely

Additionally, the following conditions must be satisfied at a
support over which the member is continuous or at a point of
applied torsional moment:

O = O (C.10)
0L = 6/ (C.11)
0L = 6,k (C.12)

Inall solutions in Appendix C, ideal end conditions have been
assumed, i.e., free, fixed, or pinned. Where these conditions
do not apply, a more advanced analysis may be necessary.

A torsionally fixed end (full warping restraint) is more
difficult to achieve than a flexurally fixed end. If the span is
one of several for a continuous beam, with each span similarly
loaded, there is inherent fixity for flexure and flange warping.
If however, the beam is an isolated span, Ojalvo (1975)
demonstrated that a closed box made up of several plates or
a channel, as illustrated in Figure C.2, would approximate a
torsionally fixed end. Simply welding to an end-plate or
column flange may not provide sufficient restraint.

C.3. Evaluation of Torsional Properties

Following are the general solutions for the torsional proper-
ties given in Chapter 3 and more accurate equations for the
torsional constant J for I-shapes, channels, and Z-shapes.

—
u

Sect. A-A

Figure C.2.
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C.3.1 General Solution

Referring to the general cross-section and notation in Figure
C.3, the torsional properties may be expressed as follows:

1
=~3—J:t3ds (C.13)
1 b
W, =z[, W, tds — W, (C.14)
where
A= rt ds (C.15)
[}
W, =[p, ds (C.16)
0
S,.= [ 1ds (C17)
0
Cw=f 2 tds (C.18)
0

C.3.2 Torsional Constant Jfor Open Cross-Sections

The following equations for J provide a more accurate value
than the simple approximation given previously. For I-shapes
with parallel-sided flanges as illustrated in Figure C.4a:

ofx, y)

¢g = centroid
sc = shear center

Note: All directions are shown positive; p and p o are positive if they are on the left side
of an observer at P(x, y) facing the positive direction of s.

Figure C.3.
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PN )

] s +20,Df - 0.4201} (C.19)

t
0, =-0.0420 +0.220™ + 0.136% -

4 I
t,R £
0.0865-5- ~0.0725- (C.20)
f f
2 tw
(G+RY+e R+ 1
D, = (C.21)
2R+

For I-shapes with sloping-sided flanges as illustrated in Fig-
ure C.4b:

(b=t ) +R)6B+8) 268 (d-2)
6 AT N

J=

20,D% — 4V £ (C.22)

where for I-shapes with flange slopes of 1624 percent only:

o, = —0.0836 + 02542 4 0.1278 —
15} 15}
0.0806"% — 00858 (C23)
. 6?2 » —tg .

For flange slopes other than 16%; percent, the value of o, may
be found by linear interpolation between o, and «, as given
above for parallel-sided flanges:

(F+m)2+tM(R+%w]
b= F+R+m (C.24)
F=RS( i+1—1—’—wW (C.25)
L Vs 2R '
S= 2(’”b‘ Y (C.26)
f

V. =0.105 + 0.100S + 0.08485> +
0.06755° + 0.05155* (C.27)
For channels as illustrated in Figure C.4c:

_ =) g AURION 22;3 L= ;zz)za, .

J

20,D — 2V £ — 0.210¢ (C.28)

where for channels with flange slopes of 16% percent only:

t
o, =—0.133 +0.3022 1+ 0.140% —
f f

t,R f,
0.10775— - 0.0956;25 (C.29)
For flange slopes other than 16%; percent, the value of o, may
be found by linear interpolation between «, as given above
and a,,” as given below for parallel-sided flanges:

t,
o, =—0.0908 + 0.262‘ti +0. 123t£ -

2 2
t.R t,
0.0752- - 0.0945 7 (C.30)
D,= 2[(3R +1,+H) - V2(2R +1,)2R + H)] (C31)
H=t,-R(S+1-V1+3S) (C.32)
Lt
ey (C.33)

V, =0.105 + 0.100S +0.084852 +
0.06755° + 0.05158* (C.34)

For Z-shapes with parallel-sided flanges as illustrated in
Figure C.4d:

2 -2
J= %ff_ + M +20,D% — 0.420¢ (C.35)

(a) I-shaped member with (b) I-shaped member with

parallel-sided flanges sloping-sided flanges
bs—~
t
(I
[
T R” |
|
h d X —t—X h
ety
|
:_:},__“_.
{c) Channel with sloping-sided flanges (d) Z-shape with parallel-sided flanges
Figure C.4.
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where

L
05 =~0.0908 +0.262° +0. 123§ -

D,=2 (3R +1,+1)~N2A2R +1,)2R +1) ]

(C.37)

C.4 Solutions to Differential Equations for Cases in

f f Appendix B
Following are the solutions of the differential equations using
LR 2 the proper boundary conditions. Take derivatives of @ to find
0.07525 — 0.0945-; (C.36) ¢, 07, and 6.
G g
Case 0
Tz
1 4
9=GJ
2 _Taf L 2 _ anht + % — sinh
0= G J[tanh 22 X cosha tanh 2 + a smhaJ
3 0<z<al
.ol
sinh—
=% (1.0—a)§+% ‘; —cosh® |x sinh®
tanh— a a
a
al<z<l
Tl o a Sinh% b4 ol z
6=a (l—z)7+7 ] xsmhg—smh—t—l—xcoshz

tanh—
a

x sinh® — 1.0]
a

sinh®
G A
a

-
4 | Pz 2 z_ !
O=Gil2a1 12]+°°Sh3 tanh,
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Case 0
6 0<z<od
! !
Ta 1 ol COSh% COSh% 1 Z Z Z
0= TveT, X ; + sinh— — ] + sinh—a‘— ] + ] X[cosh——1.0:|—sinh;+;
(H+1) sinh— ¢ tanh- tanhz tanhz a
alsz<l
(cosh—a—l - l.OJ (coshil - coshi + L X sinhLJ
Ta a a a a a
0= 1 ot ] +
[1 + —j GJ H x sinh— sinh—
H a a
(1.0 - cosh%l} (1.0 — cosh® x coshl [cosh%l - 1.0)
cosh® ] + a ] a +sinh% g +cosh— |- %
H x tanh~ sinh— a a] 4
a a
where:
1.0- coshﬁl cosh-a—l -1.0
a a Lod ool
] + + smh‘; ~
tanh— sinh—
H= a a
(coshé + coshﬂ X coshi - coshﬁl - 1.0] I ol
4 ; 4 4 + (e — 1.0) - sinh—
sinh= a a
a
!
tla T+ COShE Z Z Z Z
7 Al a z_ Ll 2 npl
0 G 7 [cosha 1.0)+ p [1 l] smha
sinh—
a
_t[_a ua z Lz Z)_ 2
8 e_GJ 7 SXtanhza X cosha 1.0 |+ Sx smha Pl
2Isinh—
a
where:

1
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Case

] sinhl
2 cosh——l.O - a

8 (cont.) ' 21 6.0
(——sinhi +20-2 coshlj
a a a
9 0<z<al
Ia smh—l—tanhixcosh—l+tanhi cosh£—1.0 —sinh£+£
~GJ a a a
al<z<l
al al ol l
Ta tanhixcosh——tanhi—smh— - cosh——lO tanhixcosh£ + coshg— 1.0 xsinh—z—+&
T GJ a a a a a
10 0<z<od
2
= tanhi g—smh&l +cosh—£ cosh——lO —lx nh— Qt_l__z_
GJ al a a a 2a
al<z<]
0= tanh—xsnh(il oh—l gxtanh£+10+ 212
GJ ! cos 27
(sinhg - g_l] X tanhi x cosh® + [sinh—q—l - &l]x sinhi}
a a a a a a a
sinh£
2 2
1 @[ 5P (a1 Oy f-zp e fa_ L a|_2Z .z
0=GJ {1.0 6 (l 2a <R =T 2| M T T 2 I |62
cosh—
Z
2 cosh™ 2
12 0="%1 Hx tanh£~£—tanh£xeosh£+sinh£ + a__1 —i;
GJ a a a a a l ! 2a
cosh— cosh—
a a
where:
I3 1 1
l

H={—-10+ X
2a coshi (tanh— - L]
a a a
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NOMENCLATURE
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area, in.’; also, constant determined from boundary
conditions (see Equations C.1, C.5, C.9, and C.14)
constant determined from boundary conditions (see
Equations C.1, C5, C.9, and C.14)

constant determined from boundary conditions (see
Equations C.1, C.5, C.9, and C.14)

warping constant of cross-section, in.’

Yvariablein EquationC.26,in.

variable in Equation C.29, in.

variable in Equation C.42, in.

variable in Equation C.36, in.

modulus of elasticity of steel, 29,000 ksi

horizontal distance from Centerline of channel web to
shear center, in.

variable in Equation C.30, in.

allowable axial stress (ASD), ksi

allowable bending stress (ASD), ksi

Euler stress divided by factor of safety (see ASD
Specification Section H1), ksi

allowable shear stress (ASD), ksi

yield strength of steel, ksi

critical buckling stress, ksi

shear modulus of elasticity of steel, 11,200 ksi
variable in Equation 3.37

momentof inertia, in.*

torsional constant of cross-section, in.!

bending moment, Kip-in.

concentrated force, kips

statical moment about the neutral axis of the entire
cross-section of the cross-sectional area between the
free edges of the cross-section and a plane cutting the
cross-section across the minimum thickness at the
point under examination, in.’

value of Q for a point in the flange directly above the
vertical edge of the web, in.’

value of Q for a point at mid-depth of the cross-sec-
tion, in.’

fillet radius, in.

elastic section modulus, in.’; also, variable used in
calculation of torsional properties (see Equation 3.31
or C.38)

wa4rping statical moment at point s on cross-section,
in.

applied concentrated torsional moment, Kip-in.
resisting moment due to pure torsion, Kip-in.
resisting moment due to warping torsion, Kip-in.
shear, Kips
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V, variable in Equation C.32 or C.39, in.

W_ normalized warping function at point s on cross-sec-

tion, in.’

torsional constant as defined in Equation 3.6

width of cross-sectional element, in.

variable in Equation 3.21 or 3.30, in.

flange width, in.

T incremental torque corresponding to incremental

length dz, kip-in.

dz incremental length along Z-axis, in.

e  eccentricity, in.

horizontal distance from outside of web of channel to

shear center, in.

f axial stress under service load, ksi

f total normal stress due to torsion and all other causes,
ksi

f  total shear stress due to torsion and all other causes,
ksi

h  depth center-to-center of flanges for I-, C-, and Z-
shaped members, in.
depth minus half flange thickness for structural tee,
in.
leg width minus half leg thickness for single angles,
in.

k  torsional stiffness from Equation 2.1

I spanlength,in.

m  thickness of sloping flange at beam Centerline (see
Figure C.4b), in.

s subscript relative to point 0, 1, 2,... on cross-section

t  distributed torque, Kip-in, per in.; also, thickness of
cross-sectional element, in.

t  flange thickness, in.

t,  web thickness, in.

t  thickness of sloping flange at toe (see Figure C.4b),

in.

thickness of sloping flange, ignoring fillet, at face of

web (see Figure C.4b), in.

u  subscript denoting factored loads (LRFD); also, vari-
able in Equation 3.22 or 3.3, in.

u' variable in Equation 3.32, in.

X subscript relating to strong axis

y  subscript relating to weak axis

z  distance along Z-axis of member from left support, in.

6 angle of rotation, radians

)

)

oo oo

first derivative of @ with respect to z
second derivative of 8 with respect to z
6" third derivative of & with respect to z
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0" fourth derivative of 8 with respect to z

o

distance from support to point of applied torsional
moment or to end of uniformly distributed torsional
load over a portion of span, divided by span length |
variable in Equation C.19, in.

variable in Equation C.22, in.

variable in Equation C.35, in.

variable in Equation C.28, in.

variable in Equation C.30, in.

0.90, resistance factor for yielding (LRFD)

0.85, resistance factor for buckling (LRFD)
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perpendicular distance to tangent line from centroid
(see Figure C.3), in.

perpendicular distance to tangent line from shear cen-
ter (see Figure C.3), in.

normal stress due to axial load, ksi

normal stress due to bending, ksi

normal stress at point s due to warping torsion, ksi
shear stress, ksi

shear stress at element edge due to pure torsion, ksi
shear stress at point s due to warping torsion, ksi
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